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ABSTRACT 
COMPUTATIONAL METHODS FOR MODELING MULTICOMPONENT  
DROPLET VAPORIZATION 
 
 
 
Alanna Cooney, B.S. 
 
Marquette University, 2018 
 
 
 
Computational fluid dynamics (CFD) models for combustion of multicomponent 
hydrocarbon fuels must often prioritize computational efficiency over model complexity, 
leading to oversimplifying assumptions in the sub-models for droplet vaporization and 
chemical kinetics. Therefore, a computationally efficient hybrid droplet vaporization-
chemical surrogate approach has been developed which emulates both the physical and 
chemical properties of a multicomponent fuel. For the droplet vaporization/physical 
portion of the hybrid, a new solution method is presented called the Coupled Algebraic-
Direct Quadrature Method of Moments (CA-DQMoM) with delumping which accurately 
solves for the evolution of every discrete species in a vaporizing multicomponent fuel 
droplet with the computational efficiency of a continuous thermodynamics model. To 
link the vaporization model to the chemical surrogate portion of the hybrid, a Functional 
Group Matching (FGM) method is developed which creates an instantaneous surrogate 
composition to match the distribution of chemical functional groups in the vaporization 
flux of the full fuel. The result is a hybrid method which can accurately and efficiently 
predict time-dependent, distillation-resolved combustion properties of the vaporizing fuel 
and can be used to investigate the effects of preferential vaporization on combustion 
behavior. 
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1. INTRODUCTION 
 
 
1.1 Motivation  
 
Combustion is integral to modern human existence. In particular, the 
transportation industry is heavily dominated by combustion engines with spray injection 
of liquid hydrocarbon fuels. The development of more advanced and efficient engines 
hinges upon a better understanding of the effects of these complicated hydrocarbon fuel 
mixtures on global combustion behavior. Both vaporization of the liquid fuel droplets and 
chemical kinetics in the gas phase play an important role in determining performance of a 
combustion engine, and both of these sub-models are heavily impacted by the 
composition of the fuel. Since hydrocarbon fuels are comprised of hundreds of chemical 
species [1–3], both droplet vaporization and chemical kinetics models must be optimized 
for maximum accuracy with minimal computational expense [4].  
Past efforts in the field of droplet vaporization [5–7] have had limited success in 
creating models which preserve accuracy and complexity while maintaining low 
computational costs. Many models resort to oversimplifying assumptions, such as single 
component droplets or infinite liquid diffusivity, in order to achieve realistic computation 
times. In particular, although moment methods [8–11] with delumping [12] applied to a 
vaporizing well-mixed droplet have been demonstrated to be computationally efficient, it 
has been noted in the literature that the well-mixed assumption is a major limitation to the 
method [7,13,14] and it has been questioned [5,7,14,15] whether these methods can be 
extended to model a droplet with finite liquid diffusivity. Therefore, a need exists for a 
computationally efficient droplet vaporization model which can calculate the 
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vaporization rate of every discrete chemical species while accounting for liquid diffusion 
within the droplet. 
Chemical kinetics models predict the reaction rates and the processes by which 
reactants become products in a combustion system. Increasing the number of chemical 
species considered greatly increases the computing power required to solve such models. 
To reduce computation time in chemical kinetics models, chemical surrogates are often 
used in lieu of the full chemical composition of the fuel. These chemical surrogates [16–
28] attempt to emulate the combustion behavior of a real fuel using only a small number 
of species. However, chemical surrogate methods are typically limited to pre-vaporized 
combustion where it is assumed that the fuel is fully vaporized and exists only in the gas 
phase. However, the complex nature of hydrocarbon fuels makes it difficult to 
successfully mimic both the physical properties and the chemical combustion kinetics of 
a real fuel using a single surrogate [4,29–32]. Because of the limitations of existing 
chemical surrogate methods, the extent to which preferential vaporization can impact 
chemical kinetics and overall combustion behavior is an important unsolved problem 
[4,31]. 
 
1.2 Literature Review of Droplet Vaporization Models  
 
When modeling combustion processes using computational fluid dynamics 
(CFD), accurate knowledge of the evolution of discrete species within the vaporizing 
multicomponent liquid fuel droplet is important since the discrete species vapor molar 
flow rates serve as the CFD source term for the gas phase. Computational efficiency is an 
important factor when developing these models, leading to the need for a balance 
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between computational expense and model accuracy. Solution methods previously 
developed for multicomponent droplet vaporization include discrete component models 
(DCM) [33–35], quasi-discrete models [13,36], and continuous thermodynamic models 
(CTM) [8–11,37–41]. DCM approaches solve equations for each discrete species 
comprising a multicomponent droplet and are therefore accurate but computationally 
expensive. Alternatively, CTM approaches characterize the multicomponent mixture 
composition as a continuous function of a distribution variable, typically normal boiling 
temperature or molecular weight. While CTM approaches improve computational 
efficiency, they cannot provide information on the vaporization or condensation rates of 
discrete fuel species. 
DCMs for multicomponent droplet vaporization previously developed include the 
partial differential equation (PDE) model by Torres et al. [33], the infinite diffusivity 
model developed by Ra and Reitz [34], and the combined transient to quasi-steady 
parabolic model presented by Brereton [35]. The quasi-steady parabolic model [35] 
prescribes a parabolic shape to the mass fraction profile within the droplet, thus reducing 
the system of PDEs to a system of ordinary differential equations (ODE). In order to 
account for initial transience, a shape factor model [35] is developed for early times in the 
vaporization process where the power of two in the parabolic equation is replace with a 
shape factor. The shape factor is calculated by assuming that the core of the droplet 
remains at the initial droplet composition and mass diffusion has not yet reached the 
center of the droplet. The shape factor model is transitioned into the quasi-steady model 
using exponential blending. Although the models of [34] and [35] improve upon the 
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computational efficiency of [33] by making simplifying assumptions, these DCMs still 
become computationally impractical for droplets with a large number of components.  
CTM approaches have therefore been developed to increase computational 
efficiency by solving for the evolution of a continuous function representing the droplet 
composition as opposed to solving for each discrete droplet species. Well-mixed, multi-
component droplet vaporization was modeled using CTM by Tamim and Hallet [37] and 
Hallet [38] by assuming the probability density function used to represent the droplet 
composition was a gamma function. Wang and Lee [39] also utilized a gamma function 
in their CTM which accounted for finite rates of liquid diffusion. To increase flexibility 
in the gamma function model, Harstad et al. developed a double gamma function PDF 
approach to more accurately account for condensation on the droplet [40,41]. However, 
Laurent et al. demonstrated that there are limitations to assuming the shape of the PDF is 
a gamma function [9], particularly when the gas phase composition at the far field differs 
significantly from the droplet composition leading to condensation on the surface of the 
droplet.  
To avoid the limitations of CTM approaches which prescribe the shape of the 
mole fraction distribution, such as the previously discussed gamma models, quadrature 
moment methods [42,43] have been used to model multicomponent droplet vaporization 
[8–11]. Quadrature moment methods are a type of CTM which characterize the 
composition of the multicomponent mixture as a continuous function of a distribution 
variable, in this case normal boiling temperature, without assuming any functional form 
[42,43]. In these methods, the composition of the droplet is defined by N pseudo-
components, as opposed to the n real discrete components, with 𝑁 ≪ 𝑛 [8–11]. The 
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pseudo-components are defined by their node, equivalent to normal boiling temperature, 
and their weight, equivalent to mole fraction [8–11]. Both the nodes and weights of each 
pseudo-component evolve with the changing droplet composition during vaporization [8–
11].  
Laurent et al. were the first to develop this new moment based approach for 
modeling multicomponent droplet vaporization by applying Lage’s version of the 
Quadrature Method of Moments (QMoM) [42] to a well-mixed droplet [8–10]. In the 
QMoM approach, the model calculates the evolution of the moments of the pseudo-
components by applying a moment transform and Gauss Quadrature to the governing 
ODE of a well-mixed droplet [8–10]. QMoM requires a closure algorithm to solve for the 
nodes of the distribution, typically the product-difference algorithm [44] or Wheeler’s 
algorithm [45]. The main disadvantage of QMoM is in the need for these closure 
algorithms which have been demonstrated to result in numerical complications as the 
number of pseudo-components are increased and higher order moments are required to 
solve for the evolution of the distribution [11].  
To avoid the numerical difficulties which can arise utilizing QMoM, Bruyat et. al 
used the Direct Quadrature Method of Moments (DQMoM) [43] as an alternative method 
for modeling well-mixed, multicomponent droplet vaporization [11]. While QMoM 
tracks the evolutions of the moments of the distribution, DQMoM directly solves for the 
evolution of the weights and nodes of the pseudo-components [43]. The DQMoM method 
recognizes that QMoM’s quadrature is equivalent to approximating the mole fraction 
distribution as a sum of N delta functions, evaluated at the pseudo-component nodes, 
multiplied by the pseudo-component weights [43].  Thus, the numerically challenging 
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closure algorithm required for QMoM is not needed in DQMoM, making DQMoM the 
more stable approach [11].  
DQMoM was originally developed for various monovariate and multivariate 
population balance equations (PBE) for both spatially homogeneous and inhomogeneous 
conditions [43]. By assuming infinite liquid diffusivity, the well-mixed multicomponent 
droplet model [11] eliminated spatial dependence in the liquid phase and was therefore 
solved using a monovariate, spatially homogeneous DQMoM approach which solves a set 
of ODEs for the DQMoM pseudo-component weights and nodes [43]. Spatially 
inhomogeneous DQMoM approaches are more complicated, as they require discretization 
of the spatial derivatives [43].  
The solution techniques of QMoM and DQMoM are only able to solve for the 
evolution of the mixture as a whole and information on discrete species, such as species 
vapor molar flow rates and liquid mole fractions, are not calculated by such models [8–
11]. A delumping method, previously used for algebraic equations to calculate species 
information from CTMs for flash tank calculations [46,47], was adapted by Singer to 
reconstruct discrete species information from a DQMoM solution for a well-mixed droplet 
[12]. The delumping method capitalizes on the fact that the previously non-linear 
governing ODEs for the vaporizing droplet are linearized once the mixture properties are 
known from the DQMoM calculation [12]. Therefore, the now first order, linear differential 
equation can be efficiently solved using an integrating factor [48] to obtain the mole 
fractions and vapor molar flow rates of all discrete species [12]. DQMoM with delumping 
has been shown to be a computationally efficient and accurate method for obtaining 
information on all discrete species for a multicomponent droplet model. However, thus far 
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it is limited in its exclusive application to droplets of ideal mixtures with infinite liquid 
diffusivity [12]. This limitation has been presented as a significant flaw in the method [7] 
since the importance of species gradients within the liquid droplet has been discussed 
extensively [7,13,14].  
An important consideration in multicomponent droplet vaporization models is the 
equation used to define vapor-liquid equilibrium (VLE) at the droplet surface. Many 
models, including past quadrature moment methods [8–11], utilize Raoult’s Law, which 
assumes an ideal gas and ideal mixture. The use of Raoult’s Law to define VLE is preferred 
for CTM [8–11,37,38] because the gas phase mole fraction of species i is independent of 
the composition of other species within the mixture. However, since deviations from the 
ideal assumptions can occur at higher pressures, a cubic Equation of State (EoS) can be 
used to calculate VLE, such as the CTM method developed by Zhang and Kong [49] which 
used the Peng-Robinson EoS [50]. Because the Peng-Robinson EoS has coefficients which 
are calculated for the mixture using mixing rules weighted by the mole fractions [50], the 
VLE calculation of species i is dependent on the overall composition of the mixture, thus 
leading to the need to solve an implicit system of equations when using CTM combined 
with an cubic EoS [49]. 
 
1.3 Literature Review of Chemical Surrogate Methods  
 
Hydrocarbon fuels are composed of hundreds of chemical species [1–3,8,51,52] 
which make it computationally impractical to solve chemical kinetics models which 
account for every discrete species. Therefore, chemical surrogates are developed which 
attempt to mimic the combustion characteristics of a real fuel using the fewest number of 
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chemical species possible. Although a variety of chemical surrogate development 
techniques have been formulated [16–28], there remains a need for new methods which 
can simultaneously mimic both the chemical and physical properties of the fuel to 
investigate the effects of preferential vaporization of particular species on spray 
combustion behaviors [29–32]. 
Existing methods to develop chemical surrogates for various pre-vaporized 
hydrocarbon fuels use optimization methods to calculate the composition of the surrogate 
in order to match combustion behaviors to those of a real fuel [16,19,20,24,27,28]. 
Although these methods have been demonstrated to be effective, they are limited in their 
application to pre-vaporized fuels. Thus, these optimization methods currently fail to 
capture the effects of preferential vaporization on combustion behavior. There are two 
approaches by which these methods could be modified to account for physical properties 
and vaporization. In the first, the optimization algorithm would need to be performed at 
every CFD time step to calculate an instantaneous chemical surrogate composition from 
the discrete species of a vaporizing multicomponent fuel droplet. Due to the iterative 
nature of the optimization methods, this approach would be computationally impractical. 
The second approach would require incorporating additional surrogate species in the a 
priori surrogate composition calculation to match both chemical and physical properties 
of the fuel. However, this approach is also computationally expensive due to the number 
of species required to successfully reproduce both types of properties [19,22,28]. 
Won et al. developed a method to calculate a chemical surrogate composition for 
a pre-vaporized aviation fuel using an optimization method which matched four 
combustion property targets (CPTs) of the surrogate to that of the real fuel [28]. The 
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method was an extension of the author’s previous CPT matching methods [16,19] to 
include four key CPTs: molecular weight (MW), hydrogen to carbon ratio (H/C), 
threshold sooting index (TSI) and derived cetane number (DCN) [28]. It was 
demonstrated that by optimizing the chemical surrogate composition to match the four 
CPTs, the surrogate was able to emulate global combustion behavior, such as ignition 
delay time, of the real aviation fuel. However, the authors of [28] note that the effects of 
preferential vaporization require further investigation and the ability of the chemical 
surrogate to model physical properties of the fuel is limited.  
A significant finding of [28] was that a strong correlation exists between the CPTs 
and the distribution of chemical functional groups within the fuel. The chemical 
functional groups were selected based on previous work on Structure-Oriented Lumping 
[53] and included CH2, (CH2)n, CH3, CH, C, and Benzyl-type [28]. The authors conclude 
that when a surrogate and real fuel have matching CPTs, the distribution of chemical 
functional groups within the surrogate also match those of the real fuel [28]. 
Additionally, sensitivity analysis was performed to show that the chemical functional 
groups which most affect the combustion behavior are the CH2, (CH2)n, CH3, and Benzyl-
type groups [28]. All four groups were found to influence DCN, with (CH2)n being the 
most significant of the four, and the amount of the Benzyl-type group was found to be 
correlated with TSI [28]. 
In order to improve the ability of fuel surrogates to accurately model physical 
properties and vaporization behavior, a hybrid method was developed which pairs a 
physical surrogate to a separate chemical surrogate to model vaporization and chemical 
kinetics, respectively [22]. In their hybrid surrogate method, which builds off the authors’ 
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previous works [17,18,25], Krishnasamy et al. developed a physical and chemical 
surrogate comprised of 13 and 4 hydrocarbon species, respectively [22]. In order to link 
the physical and chemical surrogates, a group chemistry representation method was used 
which grouped the physical surrogate species of each hydrocarbon class (divided into 
lightweight paraffins, heavy paraffins, naphthenes, and aromatics) into a single 
representative chemical surrogate species [22]. This method by which the physical 
surrogate is transformed into the chemical surrogate is depicted in Fig. 1.  
 
 
 
Fig. 1. Group Chemistry Representation Method for transitioning from physical to 
chemical surrogate in hybrid approach [22] 
 
 
The hybrid modelling concept improves the flexibility of surrogate methods and 
allows for accurate emulation of both the physical and chemical properties of a fuel. 
However, the method developed in [22] is limited in that the computational efficiency of 
the method is dependent on the DCM calculation of a relatively large number of species 
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required for the physical surrogate. Additionally, physical surrogate model [18] 
developed for implementation into the hybrid method [22] utilizes the well-mixed droplet 
assumption which, as previously discussed, ignores the importance of species gradients 
within the droplet [7,13,14]. Another challenge of using a hybrid method is accurately 
transitioning from the physical surrogate species to the chemical surrogate species within 
a CFD simulation. The hybrid method of [22] results in large errors for the calculation of 
cetane number, leading to speculation that the group chemistry representation method 
may be an overly simplistic transition method which is unable to capture the complex 
chemistry of multicomponent hydrocarbon fuels.  
   
1.4 Objectives 
 
The focus of this work is to address two open questions in spray combustion. First, 
the open question in current literature [5,7,14,15] of whether quadrature moment methods 
can be successfully expanded to model vaporizing droplets with finite liquid diffusivity 
will be addressed with the development of a new droplet vaporization modeling approach 
called the Coupled Algebraic – Direct Quadrature Method of Moments (CA-DQMoM). 
Second, the current unsolved problem [4,31] of the extent to which preferential 
vaporization can impact the evolution of key combustion properties of a fuel will be 
resolved with a novel hybrid surrogate approach which uses the newly developed 
Functional Group Matching (FGM) method to link discrete species from a droplet 
vaporization model using CA-DQMoM to an instantaneous chemical surrogate 
composition. 
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The new modeling strategy developed in this thesis for multicomponent droplet 
vaporization, called CA-DQMoM, augments a monovariate homogeneous DQMoM 
approach by coupling the DQMoM ODEs to additional algebraic moment equations to 
solve for the evolution of two related mole fraction distributions. One distribution defines 
the average composition of the liquid droplet while the second characterizes the 
composition of the liquid at the surface of the droplet, building upon the quasi-steady, 
parabolic framework of [35]. The method improves physical accuracy when compared to 
well-mixed models by taking into account finite rates of liquid diffusion within the droplet 
without requiring the complex discretization of a spatially inhomogeneous DQMoM 
application. An approximate version which employs the same nodes for both distributions 
will also be presented which increases computational efficiency but is restricted to certain 
far-field boundary conditions. The CA-DQMoM solution method will also be extended for 
application to non-ideal mixtures using the Peng-Robinson EoS [50]. An additional novelty 
of this thesis is the adaptation of the delumping method [12] to finite diffusivity models in 
order to reconstruct all discrete species information for all times from the results of CA-
DQMoM. 
As discussed, the computational approach is applied to the quasi-steady portion of 
the finite diffusivity DCM developed in [35] which solves ODEs and algebraic equations 
for the evolution of the average and surface liquid composition of the droplet. Although 
the finite diffusivity DCM in [35] included a transient model utilizing shape factors to 
complement the quasi-steady model, the computational methods presented below will 
focus solely on the quasi-steady method. While the CTM approach developed here could 
also be extended to these transient portions of the model, there are limitations to delumping 
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these solutions. A distinct difference in the droplet vaporization model of [35] and the 
method derived here is in the use of molar conservation equations in this thesis compared 
to the mass equations in [35]. For simplicity, CTM approaches most often utilize molar 
conservation equations [8], as opposed to the classically defined mass based equations, 
which leads to different, but equally acceptable, assumptions for the constant gas phase 
properties [54]. 
The novel surrogate method developed in this paper takes a hybrid approach with 
separate vaporization and chemical surrogate models. In lieu of creating a relatively large 
physical surrogate based on experimental distillation curves, as was done in [22], the 
droplet vaporization process is modeled using the CA-DQMoM with delumping approach 
for a droplet of known initial chemical composition [1–3,8]. Unlike a physical surrogate, 
the computational efficiency of CA-DQMoM is not constrained by the number of discrete 
fuel components required to accurately model the physical properties of the fuel. An 
additional novelty of the paper is the development of the FGM approach for linking the 
physical droplet vaporization model to the chemical surrogate to emulate the time-
dependent combustion behavior of the vaporizing fuel. The method is advantageous 
because instead of matching hydrocarbon classes [22], it matches the distribution of 
chemical functional groups [28], thus accounting for the complex chemical composition of 
the full discrete fuel. The resulting computationally efficient hybrid method accurately 
models the time-dependent combustion properties for a vaporizing multicomponent fuel 
droplet.  
A summary of the methods developed in this thesis is depicted in Fig. 2. The input 
to the overall model is the molar composition of a real fuel, typically obtained through gas 
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chromatography. The CA-DQMoM droplet vaporization model then solves for the 
evolution of the total fuel mixture with the computational efficient of a CTM. The 
delumping step, which requires minimal computation time, subsequently reconstructs the 
information on all discrete species to solve for the vapor molar flow rates for each fuel 
species entering the gas phase. Next, the FGM method calculates an instantaneous 
surrogate composition composed of four hydrocarbon species which emulate the functional 
group distribution of the discrete fuel species entering the gas phase. Since the FGM 
method only requires the solution of four algebraic equations, the computation time for this 
step is negligible. The final step, which includes full implementation into a CFD model 
with the surrogate composition serving as the source term for the gas-phase solver will be 
addressed in future works. 
 
 
 
Fig. 2. Summary of the droplet vaporization-chemical surrogate hybrid approach using 
CA-DQMoM with delumping and FGM  
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2. DROPLET VAPORIZATION MODEL 
 
 
2.1 Discrete Component Model 
 
In this section, a DCM will be developed on a molar basis for a vaporizing 
multicomponent droplet with finite liquid diffusivity characterized by parabolic species 
mole fraction profiles. The purpose of this DCM will be to serve as the “exact” model by 
which to evaluate the accuracy of the delumped CA-DQMoM models developed later. 
The model is derived on a molar basis since the development of CTMs are most 
straightforward when molar units are utilized, although they are equally applicable to 
mass based models [8]. The DCM developed here is similar to the mass based approach 
of [35] which employed a quasi-steady assumption resulting in parabolic species mass 
fraction profiles within the droplet. Although this section is developed based on the 
works of others, the full derivation on a molar basis is necessary as the quasi-steady 
assumptions with regards to constant mass and molar properties are different but equally 
acceptable [54]. It is also of note that the derivation of the model on a molar versus mass 
basis requires different definitions of the non-dimensional Spalding Transfer Number. 
 
2.1.1 Gas Phase Equations 
 
The following section is based on previous works in droplet vaporization theory [5,8–
11,37,38,55–57] but is provided for reference since the full derivation is not currently 
available in literature.  
As is typically done in droplet vaporization modeling [8–11,38], the equations for 
the gas phase are simplified by assuming spherical symmetry, quasi-steady transport for 
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the gas phase, and spatially constant gas phase properties in the boundary layer evaluated 
using the 1/3 rule [58]. Therefore, the radial molar flux of each species into the gas phase 
at the droplet surface, 𝑁𝑠
𝑖, is given by the following equation by applying Fick’s Law of 
Diffusion [55] and the definition of total molar flux of a species, i: 
 𝑁𝑠
𝑖 = −𝐶𝑔𝐷𝑔
𝑖 (
𝑑𝑥𝑔
𝑖
𝑑𝑟
)
𝑠
+ 𝑥𝑔,𝑠
𝑖 𝑁𝑠
𝑡𝑜𝑡 (1) 
where 𝑁𝑠
𝑖 has units of [
𝑚𝑜𝑙𝑖
𝑚2𝑠
] and 𝑁𝑠
𝑡𝑜𝑡 is the total molar vaporization flux for the fuel 
(𝑁𝑠
𝑡𝑜𝑡 = ∑𝑁𝑠
𝑖) since the net air flux is zero for Stefan flow [59]. The Sherwood number 
for each discrete species is classically defined on a molar basis: 
 𝑆ℎ𝑔
𝑖 = 
2𝑅
𝑥𝑔,∞
𝑖 − 𝑥𝑔,𝑠
𝑖 (
𝜕𝑥𝑔
𝑖
𝜕𝑟
)
𝑠
  (2) 
where the subscripts ∞ and 𝑠 refer to the far field boundary and droplet surface, 
respectively, and 𝑅 refers to the instantaneous droplet radius. It is assumed that the 
diffusion coefficient and Sherwood number are the same for all species, resulting in 
single averaged values for 𝐷𝑔 and 𝑆ℎ𝑔 [8–11]. This assumption has been demonstrated to 
result in minimal error [9] and is employed to avoid an implicit system of equations [8]. 
The implicit nature of the equations can be seen in the integration of Eq. (6) below. The 
single averaged gas diffusion coefficient, which is applied to all species, is calculated for 
the binary diffusion of fuel through air. Therefore, combining Eqs. (1) and (2), applying 
these assumptions, and multiplying by the surface area of the droplet results in  
 ?̇?𝑖 = 2𝜋𝑅𝐶𝑔𝐷𝑔𝑆ℎ𝑔(𝑥𝑔,𝑠
𝑖 − 𝑥𝑔,∞
𝑖 ) + 𝑥𝑔,𝑠
𝑖 ?̇?𝑡𝑜𝑡 (3) 
where ?̇?𝑖 is the molar flow rate for species i from the droplet surface with units of [
𝑚𝑜𝑙𝑖
𝑠
] 
and ?̇?𝑡𝑜𝑡 is the total molar vaporization rate for the fuel with units of [
𝑚𝑜𝑙
𝑠
]. Summing Eq. 
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(3) for all species and rearranging results in the classical droplet equation, originally 
defined on a mass basis [56], which has been used in molar form in previous moment 
methods [9–11]: 
 ?̇?𝑡𝑜𝑡 = 2𝜋𝑅𝐶𝑔𝐷𝑔𝑆ℎ𝑔
(𝑥𝑔,𝑠
𝑡𝑜𝑡−𝑥𝑔,∞
𝑡𝑜𝑡 )
(1−𝑥𝑔,𝑠
𝑡𝑜𝑡)
  (4) 
The continuity equations for the gas and fuel vapor on a molar basis without 
chemical reaction [55] are given by 
 
𝜕𝐶𝑔
𝜕𝑡
+ 𝛻 ∙ (𝐶𝑔𝑣
∗) = 0 (5) 
 
𝜕(𝐶𝑔𝑥𝑔
𝑡𝑜𝑡)
𝜕𝑡
+ 𝛻 ∙ (𝐶𝑔𝑣
∗𝑥𝑔
𝑡𝑜𝑡) = 𝛻 ∙ (𝐶𝑔𝐷𝑔𝛻𝑥𝑔
𝑡𝑜𝑡) (6) 
where 𝑥𝑔
𝑡𝑜𝑡 refers to the total mole fraction of all fuel species (𝑥𝑔
𝑡𝑜𝑡 = ∑ 𝑥𝑔
𝑖𝑛
𝑖=1 ). When the 
quasi-steady, spherical symmetry, and single averaged gas diffusion coefficient 
assumptions are applied, Eq. (5) is reduced to  
 𝐶𝑔𝑣
∗𝑟2 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 =
?̇?𝑡𝑜𝑡
4𝜋
 (7) 
Applying the same assumptions to Eq. (6) and combining with Eq. (7) gives the ODE: 
 
?̇?𝑡𝑜𝑡
4𝜋
𝑑𝑥𝑔
𝑡𝑜𝑡
𝑑𝑟
= 𝐶𝑔𝐷𝑔
𝑑
𝑑𝑟
[𝑟2
𝑑𝑥𝑔
𝑡𝑜𝑡
𝑑𝑟
] (8) 
The boundary conditions are defined at the droplet surface: 𝑟 = 𝑅; 𝑥𝑔
𝑡𝑜𝑡 = 𝑥𝑔,𝑠
𝑡𝑜𝑡 and at the 
gas film boundary: 𝑟 = 𝑅𝑓; 𝑥𝑔
𝑡𝑜𝑡 = 𝑥𝑔,∞
𝑡𝑜𝑡 . With the net air flux equal to zero in Stefan flow 
[59], the surface condition for the total vaporization flux of the fuel [55] is given by 
summing Eq. (1) for all fuel species: 
 𝑁𝑠
𝑡𝑜𝑡 = −𝐶𝑔𝐷𝑔 (
𝑑𝑥𝑔
𝑡𝑜𝑡
𝑑𝑟
 )
𝑠
+ 𝑥𝑔,𝑠
𝑡𝑜𝑡𝑁𝑠
𝑡𝑜𝑡 (9) 
Thus, integrating Eq. (8) and applying the boundary and surface conditions results in the 
quasi-steady gas phase equation for total molar vaporization rate of the fuel: 
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 ?̇?𝑡𝑜𝑡 = 2𝜋𝑅𝐶𝑔𝐷𝑔 (
2𝑅𝑓
𝑅𝑓−𝑅
) 𝑙𝑛 (
1−𝑥𝑔,∞
𝑡𝑜𝑡
1−𝑥𝑔,𝑠
𝑡𝑜𝑡)  (10) 
 The gas phase equations are modified by introducing two non-dimensional 
numbers: the modified Sherwood number [56] and Spalding transfer number [60] on 
molar bases are respectively defined as 
 𝑆ℎ𝑔
∗ =
2𝑅𝑓
𝑅𝑓−𝑅
 (11) 
 𝐵𝑀 =
𝑥𝑔,𝑠
𝑡𝑜𝑡−𝑥𝑔,∞
𝑡𝑜𝑡
1−𝑥𝑔,𝑠
𝑡𝑜𝑡  (12) 
It should be noted that the Spalding transfer number is most commonly defined for a mass 
basis [60]. However, it can be seen in the derivation of Eq. (4) and (10) that the molar form, 
as is typically used in CTM [8–11,38], is the appropriate version for this application. Thus, 
substituting Eqs. (11) and (12) into Eq. (10) gives the total molar vaporization rate of the 
fuel used in previous moment methods [9–11]: 
 ?̇?𝑡𝑜𝑡 = 2𝜋𝑅𝐶𝑔𝐷𝑔𝑆ℎ𝑔
∗ 𝑙𝑛(1 + 𝐵𝑀)  (13) 
By comparing Eqs. (4) and (13), the relationship between the classical Sherwood number 
and the modified Sherwood number is obtained [56]: 
 𝑆ℎ𝑔
∗ =
𝐵𝑀
𝑙𝑛(1+𝐵𝑀)
𝑆ℎ𝑔 (14) 
Finally, Eq. (3) is combined with Eqs. (12) and (14) to obtain the equation for the vapor 
molar flow rate of each discrete species, which serve as the source term for the gas phase 
solver in CFD codes:  
 ?̇?𝑖 = ?̇?𝑡𝑜𝑡
(𝑥𝑔,𝑠
𝑖 (1+𝐵𝑀)−𝑥𝑔,∞
𝑖 )
𝐵𝑀
 (15) 
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2.1.2 Liquid Phase Equations 
 
The species continuity equation for the liquid phase [55] is given by 
 
𝜕(𝐶𝑙𝑥𝑙
𝑖)
𝜕𝑡
+ 𝛻 ∙ (𝐶𝑙𝑣𝑙
∗𝑥𝑙
𝑖) = 𝛻 ∙ (𝐶𝑙𝐷𝑙𝛻𝑥𝑙
𝑖) (16) 
It is assumed that the droplet is spherically symmetric, liquid molar concentration and 
diffusivity are uniform within the droplet and there is no convection within the droplet. 
Thus, the species conservation equation can be simplified as  
 
𝜕𝑥𝑙
𝑖
𝜕𝑡
=
𝐷𝑙
𝑟2
𝜕
𝜕𝑟
(𝑟2
𝜕𝑥𝑙
𝑖
𝜕𝑟
) (17) 
Utilizing Brereton’s quasi-steady approach [35], which was previous derived on a mass 
basis, 
𝜕𝑥𝑙
𝑖
𝜕𝑡
 is assumed to be only a function of time. The boundary conditions for the 
spherically symmetric drop are defined at the drop center: 𝑟 = 0; 𝑥𝑙
𝑖 = 𝑥𝑙,𝑐
𝑖 ; 
𝜕𝑥𝑙
𝑖
𝜕𝑟
= 0 and at 
the surface: 𝑟 = 𝑅; 𝑥𝑙
𝑖 = 𝑥𝑙,𝑠
𝑖 . Thus, Eq. (17) can be integrated twice to obtain the parabolic 
profile of the species liquid mole fractions within the droplet: 
 𝑥𝑙
𝑖(𝑟, 𝑡) = 𝑥𝑙,𝑐
𝑖 + (𝑥𝑙,𝑠
𝑖 − 𝑥𝑙,𝑐
𝑖 ) (
𝑟
𝑅
)
2
 (18) 
where r is the radial coordinate, R is the instantaneous radius of the droplet and the 
subscripts c and s represent the center and surface of the droplet, respectively. A volume 
average is performed on Eq. (18) to obtain an expression relating the average, surface, and 
center liquid mole fractions for each species: 
 ?̅?𝑙
𝑖 = 
3
5
𝑥𝑙,𝑠
𝑖  +
2
5
𝑥𝑙,𝑐
𝑖  (19) 
Evaluating the derivative of Eq. (18) at the surface and combining with Eq. (19) results in 
the expression for the liquid mole fraction gradient for each species at the surface: 
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 (
𝜕𝑥𝑙
𝑖
𝜕𝑟
)
𝑠
=
5
𝑅
(𝑥𝑙𝑠
𝑖 − ?̅?𝑙
𝑖) (20) 
 
 
2.1.3 Governing Equations 
 
The total vaporization molar flux of the fuel, 𝑁𝑠
𝑡𝑜𝑡, can be defined by a conservation 
of moles within the liquid droplet [37,55]: 
 𝑁𝑠
𝑡𝑜𝑡 = −
1
𝐴𝑠
𝑑(𝐶𝑙𝑉)
𝑑𝑡
 (21) 
where 𝐴𝑠 and 𝑉 are the instantaneous surface area and volume of the droplet, respectively. 
With the aforementioned assumptions, Eq. (21) simplifies to 
 𝑁𝑠
𝑡𝑜𝑡 = −𝐶𝑙
𝑑𝑅
𝑑𝑡
 (22) 
It is of note that in the previous equation, the quasi-steady approximation leads to the 
assumption that 
𝑑𝐶𝑙
𝑑𝑡
 is small relative to 
𝑑𝑅
𝑑𝑡
. While this is an acceptable assumption, it is 
important to note that the resulting equations will not perfectly conserve moles. The loss 
of the 
𝑑𝐶𝑙
𝑑𝑡
 term implies that the total moles that leave the surface over the droplet lifetime 
will not exactly equal the total initial moles in the droplet, but will be a close 
approximation.  
Equating the fluxes on the liquid and gas sides of the droplet interface results in the 
following interface equation on a molar basis [55]: 
 −𝐶𝑙𝐷𝑙 (
𝜕𝑥𝑙
𝑖
𝜕𝑟
)
𝑠
+ 𝑥𝑙,𝑠
𝑖 𝑁𝑠
𝑡𝑜𝑡 = −𝐶𝑔𝐷𝑔 (
𝜕𝑥𝑔
𝑖
𝜕𝑟
)
𝑠
+ 𝑥𝑔,𝑠
𝑖 𝑁𝑠
𝑡𝑜𝑡 (23) 
Combining Eqs. (2), (14), (20), and (22) with Eq. (23) results in the following surface 
balance equation 
 −𝐶𝑙
𝑑𝑅
𝑑𝑡
(𝑥𝑔,𝑠
𝑖 − 𝑥𝑙,𝑠
𝑖 ) +
5𝐶𝑙𝐷𝑙
𝑅
(𝑥𝑙𝑠
𝑖 − ?̅?𝑙
𝑖) −
𝐶𝑔𝐷𝑔𝑆ℎ𝑔
∗ 𝑙𝑛(1+𝐵𝑀)
2𝑅𝐵𝑀
(𝑥𝑔,∞
𝑖 − 𝑥𝑔,𝑠
𝑖 ) = 0 (24) 
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Equation (24) is summed for all discrete species and the condition that the liquid mole 
fractions sum to unity is enforced, resulting in the following equation for the rate of surface 
regression: 
 
𝑑𝑅
𝑑𝑡
= −
𝐶𝑔𝐷𝑔𝑆ℎ𝑔
∗ 𝑙𝑛(1+𝐵𝑀)
2𝐶𝑙𝑅
 (25) 
 The species vaporization molar flux, 𝑁𝑖, can be defined by a conservation of moles 
within the liquid droplet [37,55]: 
 𝑁𝑠
𝑖 = −
1
𝐴𝑠
𝑑(𝐶𝑙𝑉?̅?𝑙
𝑖)
𝑑𝑡
 (26) 
With the aforementioned assumptions, Eq. (26) is can be reduced to the following using 
the product rule and chain rule: 
 𝑁𝑠
𝑖 = −𝐶𝑙 [
𝑅
3
𝑑?̅?𝑙
𝑖
𝑑𝑡
+ ?̅?𝑙
𝑖 𝑑𝑅
𝑑𝑡
] (27) 
Equation (27) is set equal to the liquid species flux equation [55] to obtain 
 𝑁𝑠
𝑖 = −𝐶𝑙 [
𝑅
3
𝑑?̅?𝑙
𝑖
𝑑𝑡
+ ?̅?𝑙
𝑖 𝑑𝑅
𝑑𝑡
] = −𝐶𝑙𝐷𝑙 (
𝜕𝑥𝑙
𝑖
𝜕𝑟
)
𝑠
+ 𝑥𝑙,𝑠
𝑖 𝑁𝑠
𝑡𝑜𝑡 (28) 
Substituting Eqs. (20) and (22) and rearranging results in the governing ODE for the 
evolution of the average liquid mole fraction for each species: 
 
𝑑?̅?𝑙
𝑖
𝑑𝑡
= (
15𝐷𝑙
𝑅2
+
3
𝑅
𝑑𝑅
𝑑𝑡
) (𝑥𝑙𝑠
𝑖 − ?̅?𝑙
𝑖) (29) 
As is common in droplet vaporization models [8–11,37,38], it is assumed that the 
mixtures are ideal and therefore, vapor-liquid equilibrium at the droplet surface is 
established by Raoult’s Law: 
 𝑥𝑔,𝑠
𝑖 = 𝑥𝑙,𝑠
𝑖 𝑃𝑠𝑎𝑡
𝑖 (𝑇𝑙,𝑠)
𝑃∞
 (30) 
Later sections will discuss expansion of the droplet model for use with the Peng-Robinson 
EoS for applications which do not warrant the ideal mixture assumption. Finally, 
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rearranging Eq. (24) and combining with Eq. (30) results in the algebraic expression for 
the surface liquid mole fraction of each species: 
 𝑥𝑙,𝑠
𝑖 =
5𝐶𝑙𝐷𝑙?̅?𝑙
𝑖 + 
𝐶𝑔𝐷𝑔𝑆ℎ𝑔
∗ 𝑙𝑛(1+𝐵𝑀)
2𝐵𝑀
 𝑥𝑔,∞
𝑖
5𝐶𝑙𝐷𝑙 + 𝐶𝑙𝑅
𝑑𝑅
𝑑𝑡
(1 − 
𝑃𝑠𝑎𝑡
𝑖 (𝑇𝑙,𝑠)
𝑃∞
) + 
𝐶𝑔𝐷𝑔𝑆ℎ𝑔
∗ 𝑙𝑛(1+𝐵𝑀)
2𝐵𝑀
 
𝑃𝑠𝑎𝑡
𝑖 (𝑇𝑙,𝑠)
𝑃∞
 (31) 
Equations (29) and (31) comprise the system of differential algebraic equations (DAEs) 
which define the evolution of the droplet composition and are similar to the equations for 
mass fraction developed in [35] with the exception that the model presented in this paper 
accounts for the presence of gaseous fuel at the far-field boundary and assumes constant 
molar properties as opposed to mass properties in both the quasi-steady gas phase and 
liquid phase assumptions. 
 
2.2 Continuous Thermodynamics Model 
 
As previously discussed, QMoM and DQMoM approaches have, thus far, only 
been applied to well-mixed droplet models and it has been questioned whether they can 
be applied to less restrictive cases [5,7,14,15]. The model derived here expands the 
applicability of moment methods to finite diffusivity models by coupling a DQMoM 
approach with algebraic moment equations. First, the quasi-steady DCM of the previous 
section is converted to a CTM. The average liquid mole fraction is taken to be a 
monovariate continuous function of a distribution variable, I, [43] thus giving the 
continuous form of Eq. (29): 
 
𝑑?̅?𝑙(𝐼)
𝑑𝑡
= 𝑆(𝐼, 𝑡) (32) 
where the source term for the finite diffusivity model is given by 
 𝑆(𝐼, 𝑡) = (
15𝐷𝑙
𝑅2
+
3
𝑅
𝑑𝑅
𝑑𝑡
) (𝑥𝑙,𝑠(𝐼) − ?̅?𝑙(𝐼)) (33) 
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For the purposes of this paper, the distribution variable, I, is the normal boiling 
temperature, 𝑇𝑛𝑏. In contrast to the well-mixed model, the quasi-steady finite diffusivity 
DCM contains an additional algebraic relationship for the surface liquid mole fraction, 𝑥𝑙,𝑠. 
This algebraic expression, given in Eq. (31), is similarly converted to continuous form: 
 𝑥𝑙,𝑠(𝐼) =
5𝐶𝑙𝐷𝑙 ?̅?𝑙(𝐼) + 
𝐶𝑔𝐷𝑔𝑆ℎ𝑔
∗ 𝑙𝑛(1+𝐵𝑀)
2𝐵𝑀
 𝑥𝑔,∞(𝐼)
5𝐶𝑙𝐷𝑙 + 𝐶𝑙𝑅
𝑑𝑅
𝑑𝑡
(1 − 
𝑃𝑠𝑎𝑡(𝐼,𝑇𝑙,𝑠)
𝑃∞
) + 
𝐶𝑔𝐷𝑔𝑆ℎ𝑔
∗ 𝑙𝑛(1+𝐵𝑀)
2𝐵𝑀
 
𝑃𝑠𝑎𝑡(𝐼,𝑇𝑙,𝑠)
𝑃∞
 (34) 
 
 
2.2.1 Coupled Algebraic – Direct Quadrature Method of Moments 
 
The original well-mixed DQMoM model with a single liquid mole fraction 
distribution [11] was developed by applying a monovariate, spatially homogenous 
DQMoM approach [43]. In contrast, the finite diffusivity model requires the solution of 
two separate liquid mole fraction distributions, one for the average (?̅?𝑙) and one for the 
surface (𝑥𝑙,𝑠), which are related by the algebraic relationship of Eq. (34). Therefore, the 
finite liquid diffusivity model requires two sets of N weights and two sets of N nodes to 
be defined. The average weights, ?̅?𝑗, and average nodes, 𝐼?̅?, characterize the composition 
of the droplet with respect to the average liquid mole fraction. The surface weights, 𝑤𝑠,𝑗, 
and surface nodes, 𝐼𝑠,𝑗, similarly correspond to the liquid composition at the droplet 
surface. The subscript j represents the node index, with j = 1:N, resulting in 4N 
unknowns for ?̅?𝑗, 𝐼?̅?, 𝑤𝑠,𝑗, and 𝐼𝑠,𝑗.  
DQMoM, as developed in [43], is applied to the average liquid mole fraction 
distribution since ?̅?𝑙 is the differential variable. The continuous ODE, Eq. (32), is 
multiplied by 𝐼𝑘, where k denotes the order of the moment, and integrated over the entire 
distribution [43]. For the remainder of this thesis, these steps will be referred to as a 
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moment transform. Thus, the 2N ODEs for the evolution of the moments of the average 
liquid mole fraction distribution is given by the moment transformed equation 
 
𝑑?̅?𝑙
𝑘
𝑑𝑡
= 𝑆?̅? = ∫ 𝑆(𝐼)𝐼
𝑘𝑑𝐼
∞
0
 (35) 
where k is the index for the moments and is evaluated for 𝑘 = 0: 2𝑁 − 1. 
In the original well-mixed DQMoM model [11], the single mole fraction 
distribution was extracted from the integral in Eq. (35), with the remaining terms being 
nearly polynomial, in order to apply the Gaussian quadrature approximation [61]. 
However, for the finite liquid diffusion model, the integral in Eq. (35) must be separated 
into two integrals so that the average and surface mole fraction distributions can be 
extracted separately: 
 𝑆?̅? = ∫ 𝑆(𝐼)𝐼
𝑘𝑑𝐼
∞
0
= ∫ 𝑥𝑙,𝑠(𝐼)𝑓(𝐼)𝑑𝐼
∞
0
− ∫ ?̅?𝑙(𝐼)𝑓(𝐼)𝑑𝐼
∞
0
 (36) 
where the term 𝑓(𝐼) represents the terms left over and is given by 
 𝑓(𝐼) = (
15𝐷𝑙
𝑅2
+
3
𝑅
𝑑𝑅
𝑑𝑡
) 𝐼𝑘 (37) 
A Gaussian quadrature approximation is needed for both the average and surface liquid 
mole fraction distributions. As discussed, each distribution has its own set of weights and 
nodes: 
 ∫ 𝑥?̅?(𝐼)𝑓(𝐼)𝑑𝐼
∞
0
≈ ∑ ?̅?𝑗𝑓(𝐼?̅?)
𝑁
𝑗=1  (38) 
 ∫ 𝑥𝑙,𝑠(𝐼)𝑓(𝐼)𝑑𝐼
∞
0
≈ ∑ 𝑤𝑠,𝑗𝑓(𝐼𝑠,𝑗)
𝑁
𝑗=1  (39) 
DQMoM solves for the evolution of the weights and nodes of the Gaussian 
quadrature directly instead of solving for the evolution of the moments, as is done in 
QMoM [43,61]. Additionally, DQMoM does not require the closure algorithm that 
QMoM does [43] and has been proven to be more stable for modelling droplet 
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vaporization [11]. In DQMoM, the distribution function for the differential variable is 
approximated as the sum of N delta functions, evaluated at the nodes of the distribution 
variable, multiplied by the weights [43]. Thus, the continuous average liquid mole 
fraction distribution, 𝑥?̅?(𝐼), is set equal to a sum of delta functions evaluated at the 
average liquid nodes, 𝐼?̅?, and multiplied by the average liquid weights, ?̅?𝑗: 
 𝑥?̅?(𝐼) = ∑ ?̅?𝑗𝛿(𝐼 − 𝐼?̅?)
𝑁
𝑗=1  (40) 
Taking the derivative and combining with Eq. (32) yields  
 
𝑑?̅?𝑙(𝐼)
𝑑𝑡
= ∑
𝑑
𝑑𝑡
[?̅?𝑗𝛿(𝐼 − 𝐼?̅?)]
𝑁
𝑗=1 = 𝑆(𝐼, 𝑡) (41) 
The product rule is applied to the time derivative in the previous equation to obtain:  
 ∑ {
𝑑?̅?𝑗
𝑑𝑡
𝛿(𝐼 − 𝐼?̅?) − ?̅?𝑗𝛿
′(𝐼 − 𝐼?̅?)
𝑑𝐼?̅?
𝑑𝑡
}𝑁𝑗=1 = 𝑆(𝐼, 𝑡) (42) 
where δ′ is the first derivative of the delta function. The following equation is obtained 
using the chain rule on the product 
𝑑?̅?𝑗𝐼?̅?
𝑑𝑡
δ′(𝐼 − 𝐼?̅?): 
 −?̅?𝑗
𝑑𝐼?̅?
𝑑𝑡
𝛿′(𝐼 − 𝐼?̅?) = −
𝑑?̅?𝑗𝐼?̅?
𝑑𝑡
𝛿′(𝐼 − 𝐼?̅?) + 𝐼𝑗
𝑑?̅?𝑗
𝑑𝑡
𝛿′(𝐼 − 𝐼?̅?) (43) 
Combining Eqs. (42) and (43) results in 
 ∑
𝑑?̅?𝑗
𝑑𝑡
[𝛿(𝐼 − 𝐼?̅?) + 𝐼𝑗𝛿
′(𝐼 − 𝐼?̅?)]
𝑁
𝑗=1 − ∑
𝑑(?̅?𝑗𝐼?̅?)
𝑑𝑡
[𝛿′(𝐼 − 𝐼?̅?)]
𝑁
𝑗=1 = 𝑆(𝐼, 𝑡) (44) 
The equation is multiplied by 𝐼𝑘 and integrated over the entire distribution, resulting in 
the moment transformed equation [43]: 
 ∫ 𝐼𝑘 ∑
𝑑?̅?𝑗
𝑑𝑡
[𝛿(𝐼 − 𝐼?̅?) + 𝐼?̅?𝛿
′(𝐼 − 𝐼?̅?)]
𝑁
𝑗=1 𝑑𝐼
∞
0
− ∫ 𝐼𝑘 ∑
𝑑(?̅?𝑗𝐼?̅?)
𝑑𝑡
[𝛿′(𝐼 − 𝐼?̅?)]
𝑁
𝑗=1 𝑑𝐼
∞
0
… 
 = ∫ 𝐼𝑘𝑆(𝐼, 𝑡)𝑑𝐼
∞
0
 (45) 
The following mathematical rules [43] are applied to the previous equation 
 ∫ 𝐼𝑘𝛿(𝐼 − 𝐼?̅?  )𝑑𝐼
∞
0
= 𝐼?̅?
𝑘 (46) 
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 ∫ 𝐼𝑘𝛿′(𝐼 − 𝐼?̅?  )𝑑𝐼
∞
0
= −𝑘𝐼?̅?
𝑘−1 (47) 
resulting in the final left hand side of the DQMoM matrix equation, as was previously 
developed in [11,43]: 
 (1 − 𝑘)∑ 𝐼?̅?
 𝑘 𝑑?̅?𝑗
𝑑𝑡
𝑁
𝑗=1 + 𝑘 ∑ 𝐼?̅?
 𝑘−1 𝑑(?̅?𝑗𝐼?̅?)
𝑑𝑡
𝑁
𝑗=1 = ∫ 𝑆(𝐼)𝐼
𝑘𝑑𝐼
∞
0
= 𝑆?̅? (48) 
where the moments are evaluated for 𝑘 = 0: 2𝑁 − 1. In matrix form, Eq. (29) is given by 
[
 
 
 
 
1 ⋯ 1 0 ⋯ 0
0 ⋯ 0 1 ⋯ 1
−𝐼1̅
2 ⋯ −𝐼?̅?
2 2𝐼1̅ ⋯ 2𝐼?̅?
⋮ ⋮ ⋮ ⋮ ⋮ ⋮
2(1 − 𝑁)𝐼1̅
2𝑁−1 ⋯ 2(1 − 𝑁)𝐼?̅?
2𝑁−1 (2𝑁 − 1)𝐼1̅
2𝑁−2 ⋯ (2𝑁 − 1)𝐼?̅?
2𝑁−2]
 
 
 
 
 
 𝑥
[
 
 
 
 
 
𝑑?̅?1/𝑑𝑡
⋮
𝑑?̅?𝑁/𝑑𝑡
𝑑(?̅?1𝐼1̅)/𝑑𝑡
⋮
𝑑(?̅?𝑁𝐼?̅?)/𝑑𝑡]
 
 
 
 
 
=
[
 
 
 
 
 
𝑆0̅
⋮
⋮
⋮
⋮
𝑆2̅𝑁−1]
 
 
 
 
 
 (49) 
Although the basic DQMoM approach for the left hand side is the same for both 
the well-mixed [11] and finite diffusivity models, the right hand side source terms are 
quite different. To obtain the source terms, 𝑆?̅?, the Gaussian quadrature approximations 
of Eqs. (38) and (39) are applied to Eq. (36): 
 𝑆?̅? = (
15𝐷𝑙
𝑅2
+
3
𝑅
𝑑𝑅
𝑑𝑡
) [∑ 𝑤𝑠,𝑗𝐼𝑠,𝑗
𝑘𝑁
𝑗=1 − ∑ ?̅?𝑗𝐼?̅?
 𝑘𝑁
𝑗=1 ] (50) 
where the moments are again evaluated for 𝑘 = 0: 2𝑁 − 1. 
The ODEs of Eq. (49) combined with the source terms of Eq. (50) provide 2N 
equations. For a typical homogeneous DQMoM approach, like that of the original well-
mixed DQMoM model [11], the 2N ODEs would be sufficient to solve for the evolution of 
the N weights and N nodes of the single distribution. However, for the present model with 
two distributions and 4N unknowns (?̅?𝑗, 𝐼?̅?, 𝑤𝑠,𝑗, 𝐼𝑠,𝑗.), an additional 2N equations are 
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required to solve for the evolution of the droplet. This is where the coupled algebraic 
portion of the CA-DQMoM method is needed: an additional 2N algebraic equations are 
required to simultaneously solve for the algebraic variables 𝑤𝑠,𝑗 and 𝐼𝑠,𝑗. These 2N 
equations are obtained by first applying a moment transform to the algebraic expression 
for the continuous surface liquid mole fraction distribution, Eq. (34), and factoring out the 
original mole fraction distributions, resulting in the following equation 
 ∫ 𝑥𝑙,𝑠(𝐼)𝑓1(𝐼)𝑑𝐼
∞
0
= ∫  ?̅?𝑙(𝐼)𝑓2(𝐼)𝑑𝐼
∞
0
+ ∫ 𝑥𝑔,∞(𝐼)𝑓3(𝐼)𝑑𝐼
∞
0
 (51) 
where after some rearrangement, the functions of the terms left over can be written as 
 𝑓1(𝐼) = [5𝐶𝑙𝐷𝑙 + 𝐶𝑙𝑅
𝑑𝑅
𝑑𝑡
(1 −
𝑃𝑠𝑎𝑡(𝐼,𝑇𝑙,𝑠)
𝑃∞
) +
𝐶𝑔𝐷𝑔𝑆ℎ𝑔
∗ 𝑙𝑛(1+𝐵𝑀)
2𝐵𝑀
𝑃𝑠𝑎𝑡(𝐼,𝑇𝑙,𝑠)
𝑃∞
] 𝐼𝑘 (52) 
 𝑓2(𝐼) = 5𝐶𝑙𝐷𝑙𝐼
𝑘 (53) 
 𝑓3(𝐼) =
𝐶𝑔𝐷𝑔𝑆ℎ𝑔
∗ 𝑙𝑛(1+𝐵𝑀)
2𝐵𝑀
𝐼𝑘 (54) 
An additional quadrature approximation is defined for the far-field gas phase mole 
fractions 
 ∫ 𝑥𝑔,∞(𝐼)𝑓(𝐼)𝑑𝐼
∞
0
≈ ∑ 𝑥𝑔,∞
𝑖 𝑓(𝑇𝑛𝑏
𝑖 )𝑛𝑖=1  (55) 
where the summation is evaluated for the n discrete species since the far-field gas 
composition is assumed to be constant and known. Thus, applying the quadrature 
approximations of Eqs. (38), (39), and (55) to Eq. (51) results in the 2N coupled algebraic 
expressions given by 
∑[5𝐶𝑙𝐷𝑙 + 𝐶𝑙𝑅
𝑑𝑅
𝑑𝑡
(1 −
𝑃𝑠𝑎𝑡(𝐼𝑠,𝑗, 𝑇𝑙,𝑠)
𝑃∞
) +
𝐶𝑔𝐷𝑔𝑆ℎ𝑔
∗ ln(1 + BM)
2𝐵𝑀
𝑃𝑠𝑎𝑡(𝐼𝑠,𝑗 , 𝑇𝑙,𝑠)
𝑃∞
]𝑤𝑠,𝑗𝐼𝑠,𝑗
𝑘
𝑁
𝑗=1
 
 = ∑ 5𝐶𝑙𝐷𝑙?̅?𝑗𝐼?̅?
𝑘𝑁
𝑗=1 + ∑
𝐶𝑔𝐷𝑔𝑆ℎ𝑔
∗ 𝑙𝑛(1+𝐵𝑀)
2𝐵𝑀
𝑥𝑔,∞
𝑖 𝑇𝑛𝑏,𝑖
𝑘𝑛
𝑖=1   (56) 
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where the moments are evaluated for 𝑘 = 0: 2𝑁 − 1. Thus, the final CA-DQMoM model 
consists of the 2N DQMoM ODEs in Eq. (49) coupled with the 2N algebraic expressions 
in Eq. (56) to solve for ?̅?𝑗, 𝐼?̅?, 𝑤𝑠,𝑗, and 𝐼𝑠,𝑗. 
 It is important to note that although the weights and nodes of the CA-DQMoM 
pseudo-components are used to characterize a distribution which is physical in nature (the 
mole fraction distribution), the pseudo-components themselves are not physical species 
and their weights and nodes are merely statistical quantities. Therefore, an important 
distinction is made: the average weights and surface weights do not exhibit the same 
parabolic relationship as the average and surface mole fractions. In other words, although 
the parabolic relationship of Eq. (29) is true for the average and surface mole fractions, it 
is erroneous to extrapolate that 
𝑑?̅?𝑗
𝑑𝑡
= (
15𝐷𝑙
𝑅2
+
3
𝑅
𝑑𝑅
𝑑𝑡
) (𝑤𝑠,𝑗 − ?̅?𝑗). Thus, the formal 
derivation of applying a moment transform and quadrature approximation, as was done in 
the previous paragraph, is necessary for relating the pseudo-components which 
characterize the average liquid composition and the pseudo-components which 
characterize the surface liquid composition. 
When defining the VLE conditions for the CA-DQMoM model, it would be 
erroneous to simply define gas phase weights evaluated using Eq. (30) since, as 
previously discussed, the CA-DQMoM weights and nodes are not physical in nature. 
Therefore, Eq. (30) must be fully converted into a form which does not introduce new 
unknowns into the system of equations. First, the continuous form of Raoult’s law is 
given by  
 𝑥𝑔,𝑠(𝐼) = 𝑥𝑙,𝑠(𝐼) 
𝑃𝑠𝑎𝑡(𝐼,𝑇𝑙,𝑠)
𝑃∞
  (57) 
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Following the typical DQMoM method previously defined, a moment transform is 
applied to Eq. (57): 
 𝑚𝑔,𝑠
𝑘 = ∫ 𝑥𝑙,𝑠(𝐼)
𝑃𝑠𝑎𝑡(𝐼,𝑇𝑙,𝑠)
𝑃∞
𝐼𝑘𝑑𝐼
∞
0
  (58) 
where 𝑚𝑔,𝑠
𝑘  is the 𝑘𝑡ℎ moment of the gas phase mole fractions at the surface. The 
definition of the moments, 𝑚𝑘, described in this and subsequent sections, can generically 
be defined as 
 𝑚𝑘 = ∑ 𝑥𝑖(𝑇𝑛𝑏
𝑖 )
𝑘𝑁
𝑖=1 = ∑ 𝑤𝑗(𝐼𝑗)
𝑘𝑁
𝑗=1  (59) 
when evaluated for i discrete components or j CA-DQMoM pseudo-components, 
respectively. The final equation for VLE is obtained by applying the quadrature 
approximation, previously defined in Eq. (39), to Eq. (58): 
 𝑚𝑔,𝑠
𝑘 = ∑ 𝑤𝑗,𝑠
𝑃𝑠𝑎𝑡(𝐼𝑗,𝑠,𝑇𝑙,𝑠)
𝑃∞
𝐼𝑗,𝑠
𝑘𝑁
𝑖=1  (60) 
The gas phase moments defined in Eq. (60) are not state variables and are only needed to 
calculate the gas phase mixture properties required for the solution of the governing CA-
DQMoM equations. Therefore, Eq. (60) need only be solved for the maximum number of 
moments required to solve for the gas phase properties, discussed later in Section 2.5. 
 
2.2.2 Delumping 
 
Delumping enables the reconstruction of full discrete species information 
following a computationally efficient CTM solution. A delumping method was 
previously used for algebraic equations to calculate species information from CTMs for 
flash tank calculations [46,47]. Delumping of a DQMoM solution to the nonlinear 
differential equations governing droplet vaporization was demonstrated by Singer [12]. 
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At the completion of the CA-DQMoM solution, all of the total mixture properties are 
known at every time step which linearizes the original non-linear discrete ODE. The now 
linear, first order ODE can then be easily solved using an integrating factor [12,48]. 
Because delumping only involves numerical integration, it is very computationally 
efficient [12]. 
The differential equation for the average liquid mole fraction in Eq. (29) cannot 
be delumped as written since it is dependent on both ?̅?𝑙
𝑖 and 𝑥𝑙,𝑠
𝑖 . Therefore, for 
delumping to be applicable, Eq. (29) must be combined with Eq. (25) and Eq. (31) and 
rearranged to obtain an ODE in terms of ?̅?𝑙
𝑖, the constant boundary conditions, and the 
total mixture properties: 
 
𝑑?̅?𝑙
𝑖
𝑑𝑡
−
(𝐴−𝐶)(𝐶𝐺𝑖)
(𝐴−𝐶𝐺𝑖)
?̅?𝑙
𝑖 =
(𝐴−𝐶)(𝐶𝐸𝑖)
(𝐴−𝐶𝐺𝑖)
 (61) 
where the time dependent terms 𝐴, 𝐶, 𝐸𝑖, and 𝐺𝑖 are defined as 
 𝐴 =  
15𝐷𝑙
𝑅2
  (62) 
 𝐶 = 
3𝐶𝑔𝐷𝑔𝑆ℎ𝑔
∗ 𝑙𝑛(1+𝐵𝑀)
2𝐶𝑙𝑅
2   (63) 
 𝐸𝑖 = 
𝑥𝑔,∞
𝑖
𝐵𝑀
  (64) 
 𝐺𝑖 =  1 −
𝑃𝑠𝑎𝑡
𝑖 (𝑇𝑙,𝑠)
𝑃∞
−
𝑃𝑠𝑎𝑡
𝑖 (𝑇𝑙,𝑠)
𝑃∞𝐵𝑀
  (65) 
In each of these terms, the mixture properties are calculated from the results of CA-
DQMoM, the values of the far-field gas phase mole fractions, 𝑥𝑔,∞
𝑖 , are known constants, 
and the saturation pressure, 𝑃𝑠𝑎𝑡
𝑖 , is only a function of normal boiling temperature, 𝑇𝑛𝑏
𝑖 , and 
the liquid surface temperature of the droplet, 𝑇𝑙,𝑠. Thus, the terms 𝐴, 𝐶, 𝐸𝑖, and 𝐺𝑖 are 
independent of ?̅?𝑙
𝑖 and 𝑥𝑙,𝑠
𝑖  and the ODE is now a linear, first order differential equation. 
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The integrating factor method [48] is used to solve the ODE, with the following integrating 
factor  
 𝑢𝑖(𝑡) =  𝑒𝑥𝑝 [∫ −
(𝐴−𝐶)(𝐶𝐺𝑖)
(𝐴−𝐶𝐺𝑖)
𝑑𝑡
𝑡
0
]  (66) 
Thus, the solution for the average liquid mole fraction for each discrete species at every 
time is given by 
 ?̅?𝑙
𝑖(𝑡) =
∫ 𝑢𝑖(𝑡)
(𝐴−𝐶)(𝐶𝐸𝑖)
(𝐴−𝐶𝐺𝑖)
𝑑𝑡
𝑡
0 +?̅?𝑙
𝑖(0)
𝑢𝑖(𝑡)
 (67) 
The surface liquid mole fractions can then be calculated explicitly using the algebraic 
relationship in Eq. (31). Using the same time dependent terms 𝐴, 𝐶, 𝐸𝑖, and 𝐺𝑖, the equation 
for the surface liquid mole fraction of each discrete species is given by 
 𝑥𝑙,𝑠
𝑖 (𝑡) =
𝐴?̅?𝑙
𝑖(𝑡)+𝐶𝐸𝑖
𝐴−𝐶𝐺𝑖
  (68) 
Because delumping a CA-DQMoM solution only involves numerically integrating a linear, 
first order ODE followed by an explicit algebraic equation, it adds great benefit at very 
little computational expense.  
 
2.2.3 Node Approximation 
 
The system of DAEs developed using the CA-DQMoM approach defined in 
Section 2.2.1 is based on two sets of weights and nodes: one set to characterize the 
average liquid mole fraction distribution and one set to characterize the surface liquid 
mole fraction distribution. A simplification can be made to this system of equations if it is 
assumed that a single set of nodes can be used for both distributions, or 𝐼?̅? ≈ 𝐼𝑠,𝑗. This 
approximation has been found to be valid only when there is either no condensation on 
the droplet surface or if the condensate has a similar composition to that of the average 
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liquid droplet composition. In other words, this approximation can be used if the constant 
far-field gas phase composition (𝑥𝑔,∞
𝑖 ) is either pure air or a percentage of stoichiometric 
gaseous fuel. Applying the CA-DQMoM with node approximation approach results in a 
system of only 3N unknowns (𝐼𝑗, ?̅?𝑗, 𝑤𝑠,𝑗) and therefore, Eq. (56) only needs to be solved 
for the first N moments (𝑘 = 0:𝑁 − 1). Thus, the CA-DQMoM system of DAEs is 
reduced by N algebraic equations, leading to further computational savings. A summary 
of the CA-DQMoM equations modified for node approximation are provided below: 
 𝑆?̅? = (
15𝐷𝑙
𝑅2
+
3
𝑅
𝑑𝑅
𝑑𝑡
) [∑ 𝑤𝑠,𝑗𝐼𝑗
𝑘𝑁
𝑗=1 − ∑ ?̅?𝑗𝐼𝑗
𝑘𝑁
𝑗=1 ] (69) 
∑[5𝐶𝑙𝐷𝑙 + 𝐶𝑙𝑅
𝑑𝑅
𝑑𝑡
(1 −
𝑃𝑠𝑎𝑡(𝐼𝑗 , 𝑇𝑙,𝑠)
𝑃∞
) +
𝐶𝑔𝐷𝑔𝑆ℎ𝑔
∗ 𝑙𝑛(1 + 𝐵𝑀)
2𝐵𝑀
𝑃𝑠𝑎𝑡(𝐼𝑗 , 𝑇𝑙,𝑠)
𝑃∞
]𝑤𝑠,𝑗𝐼𝑗
𝑘
𝑁
𝑗=1
 
 = ∑ 5𝐶𝑙𝐷𝑙?̅?𝑗𝐼𝑗
𝑘𝑁
𝑗=1 + ∑
𝐶𝑔𝐷𝑔𝑆ℎ𝑔
∗ 𝑙𝑛(1+𝐵𝑀)
2𝐵𝑀
𝑥𝑔,∞
𝑖 𝑇𝑛𝑏,𝑖
𝑘𝑛
𝑖=1   (70) 
 𝑚𝑔,𝑠
𝑘 = ∑ 𝑤𝑗,𝑠
𝑃𝑠𝑎𝑡(𝐼𝑗,𝑠,𝑇𝑙,𝑠)
𝑃∞
𝐼𝑗
𝑘𝑁
𝑖=1  (71) 
where Eq. (69) is solved for moments 𝑘 = 0: 2𝑁 − 1 and Eq. (70) is solved for moments 
𝑘 = 0:𝑁 − 1. 
The reason that CA-DQMoM with node approximation is only valid for certain 
boundary conditions is similar to the limitations of CTMs which assume the distribution 
shape is represented by a gamma function [9]. Constraining the surface distribution to be 
defined by the average nodes is similar, but not as restrictive, to assigning a fixed shape 
to the surface distribution. In test cases where the shape of the surface distribution 
mimics that of the average distribution, the approximation of 𝐼?̅? ≈ 𝐼𝑠,𝑗 is valid. However, 
for atypical condensate compositions, such as a single component of the fuel present at 
the far-field boundary, the surface distribution will have a shape that is distinct from the 
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average distribution and a full CA-DQMoM solution with 𝐼?̅? ≠ 𝐼𝑠,𝑗 must be utilized. The 
applicability of CA-DQMoM with node approximation and the associated computational 
savings are demonstrated in the Results section. 
 
2.3 Non-Ideal Vapor-Liquid Equilibrium  
 
Previous moment methods [8–12] have exclusively used the ideal mixture 
assumption and Raoult’s Law to define VLE in droplet vaporization models. However, 
deviations from the ideal assumption can occur at high pressures. Therefore, both the DCM 
and the CA-DQMoM model developed in the previous sections will now be modified for 
use with the Peng-Robinson EoS [50]. 
 
2.3.1 DCM Using Peng-Robinson Equation of State 
 
Peng and Robinson developed a cubic, two-constant EoS [50] which can be 
expressed in the following two forms: 
 𝑃 =
?̅?𝑇
𝑣−𝑏
−
𝑎(𝑇)
𝑣(𝑣+𝑏)+𝑏(𝑣−𝑏)
 (72) 
 𝑍3 − (1 − 𝐵)𝑍2 + (𝐴 − 3𝐵2 − 2𝐵)𝑍 − (𝐴𝐵 − 𝐵2 − 𝐵3) = 0 (73) 
where 𝐴 and 𝐵 are constants defined for the mixture and 𝑍 is the compressibility factor 
defined by: 
 𝐴 =
𝑎𝑃
?̅?2𝑇2
 (74) 
 𝐵 =
𝑏𝑃
?̅?𝑇
 (75) 
 𝑍 =
𝑃𝑣
?̅?𝑇
 (76) 
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The constants 𝑎 and 𝑏 in the above equations are defined for the mixture and are 
calculated using mixing rules on the values of 𝑎𝑖 and 𝑏𝑖 for the discrete species [50]: 
 𝑎𝑖(𝑇) =
0.45724 ?̅?2𝑇𝑐
2
𝑃𝑐
[1 + (0.37464 + 1.54226𝜔𝑖 − 0.26992𝜔𝑖
2) (1 − 𝑇
𝑟,𝑖
1
2 )]
2
 (77) 
 𝑏𝑖 = 0.07780
?̅?𝑇𝑐
𝑖
𝑃𝑐
𝑖  (78) 
where 𝜔𝑖 is the acentric factor of species i and 𝑇𝑟,𝑖 is the reduced temperature of species i. 
When it is assumed that the binary interaction coefficients are zero for hydrocarbon pairs 
[49], the mixing rules for 𝑎 and 𝑏 are given by 
 𝑎 = (∑ 𝑥𝑖𝑎𝑖
1/2
𝑖 )
2
  (79) 
 𝑏 = ∑ 𝑥𝑖𝑏𝑖𝑖  (80) 
where 𝑥𝑖 is the mole fraction of species i. The values 𝑎𝑖 and 𝑏𝑖 are properties of the 
discrete species and are independent of phase, whereas the values 𝑎, 𝑏, 𝐴, 𝐵, and 𝑍 are 
mixture properties with different values for each phase, as can be seen in Eqs. (79) and 
(80) where the liquid surface mole fractions are used to calculate the liquid properties and 
the gas surface mole fractions are used to calculate the gas phase properties. When 
solving cubic Eq. (73) for the liquid phase, the smallest, positive, real root is the 
compressibility factor of the liquid (𝑍𝑙,𝑠) [50]. When solving cubic Eq. (73) for the gas 
phase, the largest, positive, real root is the compressibility factor of the gas (𝑍𝑔,𝑠) [50]. It 
should be noted that when evaluating Eqs. (79) and (80) for the gas phase, air must be 
considered as a species. 
 The fugacity coefficient for each species and each phase, 𝜙𝑖, is given by the 
equation [50] 
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 𝑙𝑛(𝜙𝑝
𝑖 ) =
𝑏𝑖
𝑏𝑝
(𝑍𝑝 − 1) − 𝑙𝑛(𝑍𝑝 − 𝐵𝑝) −
𝐴𝑝
2√2𝐵𝑝
(2 (
𝑎𝑖
𝑎𝑝
)
1
2
−
𝑏𝑖
𝑏𝑝
) 𝑙𝑛 (
𝑍𝑝+2.414𝐵𝑝
𝑍𝑝−0.414𝐵𝑝
) (81) 
where the subscript p denotes a property that is dependent on phase and the subscript i 
denotes a discrete species property. Finally, VLE is calculated using the ratio of fugacity 
coefficients of each species in the liquid and gas phases [62]: 
 𝑥𝑔,𝑠
𝑖 = 𝑥𝑙,𝑠
𝑖 𝜙𝑙,𝑠
𝑖
𝜙𝑔,𝑠
𝑖  (82) 
The DCM governing equations must also be derived for the new VLE condition. 
Since the ODE for the evolution of the average liquid mole fractions, Eq. (29), was not 
dependent on the gas phase mole fractions, it remains unchanged. However, the algebraic 
expression for the surface liquid mole fractions, Eq. (31), is rederived using Eq. (82) to 
obtain: 
 𝑥𝑙,𝑠
𝑖 =
5𝐶𝑙𝐷𝑙?̅?𝑙
𝑖 + 
𝐶𝑔𝐷𝑔𝑆ℎ𝑔
∗ 𝑙𝑛(1+𝐵𝑀)
2𝐵𝑀
 𝑥𝑔,∞
𝑖
5𝐶𝑙𝐷𝑙 + 𝐶𝑙𝑅
𝑑𝑅
𝑑𝑡
(1 − 
𝜙𝑙,𝑠
𝑖
𝜙𝑔,𝑠
𝑖 ) + 
𝐶𝑔𝐷𝑔𝑆ℎ𝑔
∗ 𝑙𝑛(1+𝐵𝑀)
2𝐵𝑀
 
𝜙𝑙,𝑠
𝑖
𝜙𝑔,𝑠
𝑖
 (83) 
The main distinction between solving the system of equations using of Raoult’s 
Law versus the Peng-Robinson EoS is in the dependence of the latter on the mole 
fractions of the other discrete species within the droplet, as is evident in Eqs. (79) and 
(80). Therefore, for a DCM using discrete property calculations, the system of equations, 
including Eqs. (29) and (83), is implicit and the gas phase mole fractions must be 
considered state variables. Thus, the number of equations solved in the DCM is increased 
by n equations when using the Peng-Robinson EoS. 
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2.3.2 CA-DQMOM Using Peng-Robinson Equation of State 
 
The cubic Peng-Robinson EoS has previously been used in CTM methods by 
Zhang and Kong [49]. The method used here to extend CA-DQMoM to test cases with 
non-ideal VLE will follow a similar but modified approach. The VLE condition, Eq. (82), 
is converted into a continuous form, a moment transform is applied, and the quadrature 
approximation for the liquid distribution at the surface, Eq. (39), is employed, resulting in 
the following equations: 
 𝑥𝑔,𝑠(𝐼) = 𝑥𝑙,𝑠(𝐼)
𝜙𝑙,𝑠(𝐼)
𝜙𝑔,𝑠(𝐼)
 (84) 
 𝑚𝑔,𝑠
𝑘 = ∫ 𝑥𝑙,𝑠(𝐼)
𝜙𝑙,𝑠(𝐼)
𝜙𝑔,𝑠(𝐼)
𝐼𝑘𝑑𝐼
∞
0
 (85) 
 𝑚𝑔,𝑠
𝑘 = ∑ 𝑤𝑗,𝑠
𝜙𝑙,𝑠(𝐼𝑗,𝑠)
𝜙𝑔,𝑠(𝐼𝑗,𝑠)
𝐼𝑗,𝑠
𝑘𝑁
𝑗=1  (86) 
where 𝑚𝑔𝑠
𝑘  is the 𝑘𝑡ℎ moment of the gas phase distribution at the surface.  
In order to calculate the fugacity coefficients of the CA-DQMoM pseudo-
components, the constants 𝑎𝑖 and 𝑏𝑖 must be defined in continuous form: 
 𝑎1/2(𝐼) = (𝐶01 + 𝐶02𝑇) + (𝐶03 + 𝐶04𝑇)𝐼 (87) 
 𝑏(𝐼) = 𝐶05 + 𝐶06𝐼 (88) 
Where the correlations constants were calculated for the two fuels considered in this 
thesis using a polynomial fit in MATLAB and are provided in Table 1.  
 
Table 1. Constants for the Peng-Robinson EoS continuous correlations 
 
Constant ID: Kerosene Gasoline 
𝐶01 -4124.1 -2181.6 
𝐶02 3.2189 1.6453 
𝐶03 18.294 13.405 
𝐶04 -0.01295 -0.00897 
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𝐶05 -0.27463 -0.13168 
𝐶06 0.001073 0.000713 
 
 
To obtain the values of 𝑎 and 𝑏 for the liquid mixture and gas mixture, a molar 
weighted average of Eqs. (87) and (88) must be calculated to obtain an expression in 
terms of the moments of the distributions. In order to apply a continuous form of the 
mixing rules of Eqs. (79) and (80), the continuous correlations for 𝑎(𝐼) and 𝑏(𝐼) are 
multiplied by the continuous mole fraction and integrated over the entire distribution. The 
continuous equations for the liquid mixture at the surface are thus given by 
 𝑎𝑙,𝑠
1/2
= ∫ 𝑥𝑙,𝑠(𝐼)𝑎
1/2(𝐼)𝑑𝐼
∞
0
 (89) 
 𝑏𝑙,𝑠 = ∫ 𝑥𝑙,𝑠(𝐼)𝑏(𝐼)𝑑𝐼
∞
0
 (90) 
Substituting in the continuous correlations of Eqs. (87) and (88), the Peng-Robinson 
constants for the liquid mixture can be expressed as 
 𝑎𝑙,𝑠
1/2
= (𝐶01 + 𝐶02𝑇𝑙,𝑠) ∫ 𝑥𝑙,𝑠(𝐼)𝑑𝐼
∞
0
+ (𝐶03 + 𝐶04𝑇𝑙,𝑠) ∫ 𝑥𝑙,𝑠(𝐼)𝐼𝑑𝐼
∞
0
 (91) 
 𝑏𝑙,𝑠 = 𝐶05 ∫ 𝑥𝑙,𝑠(𝐼)𝑑𝐼
∞
0
+ 𝐶06 ∫ 𝑥𝑙,𝑠(𝐼)𝐼𝑑𝐼
∞
0
 (92) 
It can be seen that by definition, the above equations can be expressed in terms of the 
moments of the distribution 
 𝑎𝑙,𝑠
1/2(𝐼) = (𝐶01 + 𝐶02𝑇𝑙,𝑠) + (𝐶03 + 𝐶04𝑇𝑙,𝑠)𝑚𝑙,𝑠
1  (93) 
 𝑏𝑙,𝑠(𝐼) = 𝐶05 + 𝐶06𝑚𝑙,𝑠
1  (94) 
where it should be noted that by definition, 𝑚𝑙,𝑠
0 = ∑ 𝑥𝑙,𝑠
𝑖
𝑖 = 1. The equivalent equations 
for the gas phase Peng-Robinson constants at the surface are derived in a similar manner 
with the main distinction being the presence of air where O2 and N2 must be considered 
as species. First, the continuous correlations for 𝑎(𝐼) and 𝑏(𝐼) are multiplied by the 
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continuous distribution of the gas mixture, 𝑥𝑔𝑚𝑖𝑥,𝑠(𝐼), which is inclusive of both fuel and 
air: 
 𝑎𝑔,𝑠
1/2
= ∫ 𝑥𝑔𝑚𝑖𝑥,𝑠(𝐼)𝑎
1/2(𝐼)𝑑𝐼
∞
0
 (95) 
 𝑏𝑔,𝑠 = ∫ 𝑥𝑔𝑚𝑖𝑥,𝑠(𝐼)𝑏(𝐼)𝑑𝐼
∞
0
 (96) 
Extracting the discrete air species and substituting Eqs. (87) and (88) for the fuel mixture, 
results in the following equations for the gas mixture at the surface: 
 𝑎𝑔,𝑠
1/2
= (𝐶01 + 𝐶02𝑇𝑙,𝑠) ∫ 𝑥𝑔,𝑠(𝐼)𝑑𝐼
∞
0
+ (𝐶03 + 𝐶04𝑇𝑙,𝑠) ∫ 𝑥𝑔,𝑠(𝐼)𝐼𝑑𝐼
∞
0
… 
 + 𝑎𝑂2
1/2
𝑥𝑔,𝑠
𝑂2 + 𝑎𝑁2
1/2
𝑥𝑔,𝑠
𝑁2 (97) 
 𝑏𝑔,𝑠 = 𝐶05 ∫ 𝑥𝑔,𝑠(𝐼)𝑑𝐼
∞
0
+ 𝐶06 ∫ 𝑥𝑔,𝑠(𝐼)𝐼𝑑𝐼
∞
0
+ 𝑏𝑂2𝑥𝑔,𝑠
𝑂2 + 𝑏𝑁2𝑥𝑔,𝑠
𝑁2 (98) 
where the mole fraction of each species comprising the air is assumed to be 
 𝑥𝑔,𝑠
𝑂2 = 0.21(1 − ∑ 𝑥𝑔,𝑠
𝑖
𝑖 ) = 0.21(1 − 𝑚𝑔,𝑠
0 ) (99) 
 𝑥𝑔,𝑠
𝑁2 = 0.79(1 − ∑ 𝑥𝑔,𝑠
𝑖
𝑖 ) = 0.79(1 − 𝑚𝑔,𝑠
0 ) (100) 
Thus, using the definition of the moments, Eqs. (97) and (98) can be expressed as: 
𝑎𝑔,𝑠
1/2(𝐼) = (C01 + C02𝑇𝑙,𝑠)𝑚𝑔,𝑠
0 + (C03 + C04𝑇𝑙,𝑠)𝑚𝑔,𝑠
1  
 + [0.21𝑎𝑂2
1/2
+ 0.79𝑎𝑁2
1/2
](1 − 𝑚𝑔,𝑠
0 ) (101) 
 𝑏𝑔,𝑠(𝐼) = 𝐶05𝑚𝑔,𝑠
0 + 𝐶06𝑚𝑔,𝑠
1 + [0.21𝑏𝑂2 + 0.79𝑏𝑁2](1 − 𝑚𝑔,𝑠
0 ) (102) 
 The algebraic governing equation derived for the Peng-Robinson DCM, Eq. (83), 
is modified, as was previously done for Eq. (56), by applying a moment transform and 
quadrature approximations to obtain the algebraic governing equation for the surface 
distribution using the Peng-Robinson EoS: 
∑[5𝐶𝑙𝐷𝑙 + 𝐶𝑙𝑅
𝑑𝑅
𝑑𝑡
(1 −
𝜙𝑙,𝑠(𝐼𝑠,𝑗)
𝜙𝑔,𝑠(𝐼𝑠,𝑗)
) +
𝐶𝑔𝐷𝑔𝑆ℎ𝑔
∗ 𝑙𝑛(1 + 𝐵𝑀)
2𝐵𝑀
𝜙𝑙,𝑠(𝐼𝑠,𝑗)
𝜙𝑔,𝑠(𝐼𝑠,𝑗)
]𝑤𝑠,𝑗𝐼𝑠,𝑗
𝑘
𝑁
𝑗=1
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 = ∑ 5𝐶𝑙𝐷𝑙?̅?𝑗𝐼?̅?
𝑘𝑁
𝑗=1 + ∑
𝐶𝑔𝐷𝑔𝑆ℎ𝑔
∗ 𝑙𝑛(1+𝐵𝑀)
2𝐵𝑀
𝑥𝑔,∞
𝑖 𝑇𝑛𝑏,𝑖
𝑘𝑛
𝑖=1   (103) 
where k is again evaluated for 𝑘 = 0: 2𝑁 − 1. 
 In the DCM using the Peng-Robinson EoS, n additional state variables and 
corresponding equations were added to the system of DAEs since the discrete 𝑥𝑔,𝑠
𝑖  are 
required to solve for the gas phase mixture properties. However, in CA-DQMoM, only 
the 0th and 1st moments for the surface gas phase distribution are required to solve for the 
gas phase mixture properties described in Section 2.5.2 and Eqs. (101) and (102). 
Therefore, Eqs. (86), (101), (102) and (103) only introduce two new state variables (𝑚𝑔,𝑠
0 , 
𝑚𝑔,𝑠
1 ) to solve the implicit system of equations for CA-DQMoM using the Peng-Robinson 
EoS. Because only two additional state variables are introduced, Eq. (86) is only solved 
for the moments 𝑘 = 0 and 𝑘 = 1. Thus, the CA-DQMoM system of equations is 
increased by 2 algebraic equations. It is noted that an alternative method could be used 
where N nodes and N weights are defined to characterize the surface distribution in the 
gas phase but this would be a computationally inferior method since it would introduce 
2N additional state variables to the system. 
 
2.3.3 Delumping Using Peng-Robinson Equation of State 
  
The delumping equations for the CA-DQMoM method using the Peng-Robinson 
EoS is similar to those defined using Raoult’s Law (see Eqs. (61) – (68)), with the 
exception of the term 𝐺𝑖, which is now defined as 
 𝐺𝑖 =  1 −
𝜙𝑙,𝑠
𝑖
𝜙𝑔,𝑠
𝑖 −
𝜙𝑙,𝑠
𝑖
𝜙𝑔,𝑠
𝑖 𝐵𝑀
  (104) 
where the fugacity coefficients are calculated for the discrete species i.  
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2.4 Other Sub-Models 
 
The models developed in the previous sections can be solved with a variety of 
temperature profile assumptions including uniform, quasi-steady, or effective 
conductivity models. For the results presented in this thesis, the liquid temperature within 
the droplet was modeled using a parabolic temperature profile [63] with the following 
equations obtained from Laurent [8]: 
 
𝑑?̅?𝑙
𝑑𝑡
=
3
2
𝑘𝑔𝑁𝑢𝑔
∗ 𝑙𝑛(1+𝐵𝑇)
𝐶𝑙𝑐𝑝,𝑙𝑅
2𝐵𝑇(1+
1
10
(
𝑘𝑔𝑁𝑢𝑔
∗ 𝑙𝑛(1+𝐵𝑇)
𝑘𝑙𝐵𝑇
))
(𝑇∞ −
𝐵𝑇𝑙𝑣
𝑐𝑝,𝑣
− ?̅?𝑙) (105) 
 𝑇𝑙,𝑠 = ?̅?𝑙 +
𝑅2𝐶𝑙𝑐𝑝,𝑙
15𝑘𝑙
𝑑?̅?𝑙
𝑑𝑡
 (106) 
where the Spalding heat transfer number [8,56] and modified Nusselt number [8] are 
given by 
 𝐵𝑇 = (1 + 𝐵𝑀)
(𝐷𝑔𝜌𝑔𝑐𝑝,𝑣)/(𝑘𝑔𝑀𝑊𝑔) − 1 (107) 
 𝑁𝑢𝑔
∗ =
2𝑅𝑓
𝑅𝑓−𝑅
 (108) 
The latent heat of vaporization of the mixture, 𝑙𝑣, and the heat capacity of the gas mixture 
at the interface, 𝑐𝑝,𝑣, are found using flux weighted mixing equations, which will be 
discussed in the next section. The need for flux weighting of the discrete properties in 
these equations is apparent in the derivation of Eq. (105) provided by Laurent [8]. 
 
2.5 Physical Properties 
 
The physical properties for the liquid and gas multicomponent mixtures are 
required for the solution of the governing equations for both the DCMs and CTMs 
developed in the previous sections. The approach for the DCM includes calculation of the 
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discrete properties of each species which are then averaged using various mixing rules to 
obtain the properties of the total mixture. For the CTM, the properties are correlated 
against the distribution variable, in this case normal boiling temperature, and the mixture 
properties are calculated as a function of the distribution moments.  
Although the composition of the liquid droplet is assumed to vary radially 
according to the parabolic shape of the liquid mole fractions, it is approximated that the 
liquid mixture properties (𝑀𝑊𝑙, 𝑐𝑝,𝑙, 𝐶𝑙, 𝑘𝑙, 𝜇𝑙, 𝐷𝑙) are constant in space throughout the 
entire droplet and are evaluated using the average droplet composition and average 
droplet temperature. The mixture properties at the interface (𝑙𝑣, 𝑐𝑝,𝑣), which are only 
needed for the energy equation obtained from [8], are calculated using the flux fractions 
(
?̇?𝑖
?̇?𝑡𝑜𝑡
) and the droplet surface temperature, since temperature is considered to be 
continuous across the interface. The properties of gas mixture (𝑀𝑊𝑔, 𝐶𝑔, 𝑘𝑔, 𝐷𝑔) are also 
assumed to be constant in space and are evaluated at a reference point which is 1/3 of the 
distance between the droplet and the far-field, according to the commonly used “1/3 rule” 
[58]. Thus, the reference temperature and molar composition are given by 
 𝑇𝑔 = (2/3)𝑇𝑙,𝑠  + (1/3)𝑇∞ (109) 
 𝑥𝑔,𝑟𝑒𝑓
𝑖 = (2/3)𝑥𝑔,𝑠
𝑖  + (1/3)𝑥𝑔,∞
𝑖   (110) 
 𝑚𝑔,𝑟𝑒𝑓
𝑘 = (2/3)𝑚𝑔,𝑠
𝑘  + (1/3)𝑚𝑔,∞
𝑘   (111) 
where the moments of the surface gas phase distribution, 𝑚𝑔,𝑠
𝑘 , are calculated from VLE 
and the moments of the far-field gas phase distribution, 𝑚𝑔,∞
𝑘 , are calculated from the 
discrete species: 
 𝑚𝑔,∞
𝑘 = ∑ 𝑥𝑔,∞
𝑖 𝑇𝑛𝑏
𝑖𝑛
𝑖=1   (112) 
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where the boundary conditions, 𝑥𝑔,∞
𝑖 , are constant and known. 
It is important to note in the property calculations that the subscript g denotes the 
gas mixture which includes both fuel and air. Thus, 𝑀𝑊𝑔 is the molecular weight of the 
gas mixture (air and fuel) and 𝑀𝑊𝑓𝑢𝑒𝑙 is the molecular weight of the gaseous fuel 
mixture. It is also noted that because air is considered as a species of the multicomponent 
mixture in the gas phase, 
 ∑ 𝑥𝑔
𝑖𝑛
𝑖=1 ≠ 1  (113) 
 since n is the number of discrete fuel species.  
 Since the molar concentration of the gas phase, 𝐶𝑔, considers both air and fuel 
species, it can be calculated by the EoS, instead of using property correlations: 
 𝐶𝑔 =
𝑃∞
?̅?𝑇𝑔𝑍𝑔
 (114) 
For the ideal mixture using the ideal gas law, 𝑍𝑔 = 1. For the non-ideal case, 𝑍g is 
calculated at the reference point using the Peng-Robinson equations defined in Section 
2.3. 
 
2.5.1 Property Calculations for DCM 
 
For the DCM, the majority of the discrete properties (𝑐𝑝,𝑔
𝑖 , 𝑐𝑝,𝑙
𝑖 , 𝜌𝑙
𝑖, 𝐶𝑙
𝑖, 𝑙𝑣
𝑖 , 𝑃𝑠𝑎𝑡
𝑖 , 𝑘𝑔
𝑖 , 
𝑘𝑙
𝑖, 𝜇𝑔
𝑖 , 𝜇𝑙
𝑖, 𝑀𝑊𝑖, 𝑇𝑐
𝑖, 𝑃𝑐
𝑖, and 𝜔𝑖) were calculated from data provided in the Yaws online 
database [64] for all components of kerosene [8] and gasoline [3]. For species where 
discrete property data was not available, such as some of the naphthalene and alkene 
species, a similar chemical species with available property data was used as a substitute. 
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This is considered an acceptable approximation since all species which were substituted 
were present in very minor quantities. 
The liquid mixture properties were calculated from the discrete species properties 
using a variety of mixing rules weighted by the average liquid mole fractions. The 
molecular weight of the liquid mixture (𝑀𝑊𝑙) and liquid heat capacity of the mixture 
(𝑐𝑝,𝑙) were calculated using linear mixing rules [65,66]: 
 𝑀𝑊𝑙 = ∑ ?̅?𝑙
𝑖𝑀𝑊𝑖
𝑛
𝑖=1   (115) 
 𝑐𝑝,𝑙 = ∑ ?̅?𝑙
𝑖𝑐𝑝,𝑙
𝑖𝑛
𝑖=1   (116) 
The liquid molar concentration (𝐶𝑙) of the mixture was calculated by the following 
equation [55] using the average liquid mole fractions: 
 𝐶𝑙 = [∑
?̅?𝑙
𝑖
𝐶𝑙
𝑖
𝑛
𝑖=1  ]
−1
  (117) 
where it is important to note that 𝐶𝑙
𝑖, as calculated from the Yaws database [64], is the 
molar concentration of pure species i, not the molar concentration of species i within the 
mixture. Thus, 𝐶𝑙
𝑖 has the units of [
𝑘𝑚𝑜𝑙𝑖
𝑚𝑖
3 ]. Thermal conductivity of the liquid mixture was 
calculated using the method developed by Li [65,67] given by 
 𝑘𝑙 = ∑ ∑ [2 (𝐶𝑙
?̅?𝑙
𝑖
𝐶𝑙
𝑖) (𝐶𝑙
?̅?𝑙
𝑗
𝐶𝑙
𝑗) (
1
𝑘𝑙
𝑖 +
1
𝑘𝑙
𝑗)
−1
]𝑛𝑗=1
𝑛
𝑖=1   (118) 
where again, it is important to note that 𝐶𝑙
𝑖 is the molar concentration of pure species i. 
The viscosity of the liquid mixture is calculated using a multicomponent form of the 
Arrhenius mixing rule [68], which was previously used by Doue [51] and Laurent [8], 
given by: 
 𝑙𝑛(𝜇𝑙) = ∑ ?̅?𝑙
𝑖 𝑙𝑛(𝜇𝑙
𝑖)𝑛𝑖=1   (119) 
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Unlike more recent mixing methods for liquid viscosity, such as the one developed by 
Grunberg and Nissan which includes a binary interaction parameter [69], the Arrhenius 
mixing rule does not account for interaction among the species. However, currently there 
is insufficient experimental data available for a more robust mixing method to be used 
with the complex fuels considered in this thesis.  
 The mixture properties at the interface, which are required for the temperature 
equations, were calculated using flux weighted mixing rules [8]. The flux fraction is 
defined as 
 𝜉𝑖 =
?̇?𝑖
?̇?𝑡𝑜𝑡
=
𝑥𝑔,𝑠
𝑖 (1+𝐵𝑀)−𝑥𝑔,∞
𝑖
𝐵𝑀
  (120) 
Thus, the gas phase mixing rules for the specific heat in units of [
𝐽
𝑘𝑚𝑜𝑙 𝐾
] and the latent 
heat of vaporization in units of [
𝐽
𝑘𝑚𝑜𝑙
] are given by [8]: 
 𝑐𝑝,𝑣 = ∑ 𝜉
𝑖𝑐𝑝,𝑔
𝑖 (𝑇𝑔)
𝑛
𝑖=1   (121) 
 𝑙𝑣 = ∑ 𝜉
𝑖𝑙𝑣
𝑖 (𝑇𝑙,𝑠)
𝑛
𝑖=1   (122) 
where 𝑐𝑝,𝑔
𝑖  is calculated from the Yaws temperature dependent equation [64] evaluated at 
𝑇𝑔 [8] and 𝑙𝑣
𝑖  is calculated from the Yaws temperature dependent equation [64] and 
evaluated at 𝑇𝑙,𝑠 [8] since temperature is considered to be continuous across the interface. 
The gas mixture properties were calculated from the discrete species properties 
using a variety of mixing rules weighted by the reference gas mole fractions. The 
molecular weight of the gaseous fuel and gas mixture are given by 
 𝑀𝑊𝑓𝑢𝑒𝑙 =
∑ 𝑥𝑔,𝑟𝑒𝑓
𝑖 𝑀𝑊𝑖
𝑛
𝑖=1
∑ 𝑥𝑔,𝑟𝑒𝑓
𝑖𝑛
𝑖=1
  (123) 
 𝑀𝑊𝑔 = ∑ 𝑥𝑔,𝑟𝑒𝑓
𝑖 𝑀𝑊𝑖
𝑛
𝑖=1 + 𝑥𝑔,𝑟𝑒𝑓
𝑎𝑖𝑟 𝑀𝑊𝑎𝑖𝑟 (124) 
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The thermal conductivity of the gas mixture is found using the Wassiljewa equation 
[65,70] given by 
 𝑘𝑔 = ∑
𝑥𝑖𝑘𝑔
𝑖
∑ 𝑥𝑗𝐴𝑖𝑗
𝑛𝑎
𝑗=1
𝑛𝑎
𝑖=1  (125) 
where the summation is evaluated for 𝑛𝑎 species which includes air. The term 𝑥𝑖 notes 
the concatenation of the fuel species mole fraction matrix and the mole fraction of air: 
𝑥𝑖 = [𝑥𝑔,𝑟𝑒𝑓
𝑖 ; 𝑥𝑔,𝑟𝑒𝑓
𝑎𝑖𝑟 ] and similarly, 𝑘𝑔
𝑖 = [𝑘𝑔
𝑖 ; 𝑘𝑔
𝑎𝑖𝑟]. The function 𝐴𝑖𝑗 was defined by 
Mason and Saxena [65,71]: 
 𝐴𝑖𝑗 = 1.065
[1+(
𝜇𝑔
𝑖
𝜇𝑔
𝑗
)
1 2⁄
(
𝑀𝑊𝑗
𝑀𝑊𝑖
)
1 4⁄
]
2
[8(1+
𝑀𝑊𝑖
𝑀𝑊𝑗
)]
1/2  (126) 
The viscosity of the gas mixture is not needed for the models considered in this thesis and 
thus only the gas viscosity of the discrete species are needed (see Eq. (126)). 
The gas phase diffusivity and atomic diffusion volumes, 𝑣𝑖, were calculated using 
the method developed [72] and later modified [73] by Fuller et al. The atomic diffusion 
volume of each species was calculated by adding 15.9 for every carbon atom and 2.31 for 
every hydrogen atom in the chemical formula and subtracting 18.3 for every aromatic 
ring [73]. For the purposes of this thesis where a single averaged diffusion coefficient is 
assumed [9], the gas diffusivity is calculated for the diffusion of fuel through air. Thus, 
the diffusion coefficient for the gas phase is defined by the following equation [72] 
 𝐷𝑔 =
(0.001)𝑇𝑔
1.75(
1
𝑀𝑊𝑓𝑢𝑒𝑙
 − 
1
𝑀𝑊𝑎𝑖𝑟
)
1/2
𝑃∞[(𝑣𝑓𝑢𝑒𝑙)
1/3
+(𝑣𝑎𝑖𝑟)
1/3]
2   (127) 
The atomic diffusion volume of the fuel, 𝑣𝑓𝑢𝑒𝑙, is calculated using a linear mixing rule 
weighted by the mole fractions: 
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 𝑣𝑓𝑢𝑒𝑙 =
∑ 𝑥𝑔,𝑟𝑒𝑓
𝑖 𝑣𝑖
𝑛
𝑖=1
∑ 𝑥𝑔,𝑟𝑒𝑓
𝑖𝑛
𝑖=1
  (128) 
and the atomic diffusion volume of air is constant at 𝑣𝑎𝑖𝑟 = 19.7. 
 The liquid diffusivity was calculated using the Wilke-Change method [74]. 
Similar to the gas phase diffusivity, the methods presented here assume a single averaged 
liquid diffusivity. Therefore, the calculation of the liquid diffusivity is for the diffusion of 
liquid fuel through liquid fuel. Thus, the equation for the single averaged liquid 
diffusivity is given by the equation 
 𝐷𝑙 =
(7.4×10−8)(𝜙𝑀𝑊𝑙)
1/2?̅?𝑙
𝜇𝑙𝑉𝑙
0.6   (129) 
where the properties are evaluated for the average liquid fuel composition, 𝑉𝑙 is the molar 
volume of the liquid fuel at its normal boiling temperature in units of [
𝑐𝑚3
𝑚𝑜𝑙
], 𝜙 is the 
dimensionless association factor of the fuel and is assumed to be unity for the chemical 
species considered in this thesis, and the resulting diffusivity 𝐷𝑙 is in units of [
𝑐𝑚2
𝑠
] 
[65,74]. 
 
2.5.2 Property Calculations for CTM 
 
For the CA-DQMoM models, the properties are calculated from continuous 
correlations which are a function of the normal boiling temperature. Doue [51] has 
previously developed continuous property correlations as a function of normal boiling 
temperature for various hydrocarbon classes (alkanes, iso-alkanes, alkylbenzenes, etc.). 
The two methods by which properties are calculated for a multicomponent fuel are the 
single group and multi-group methods. In the single group method, it is assumed that the 
properties of all species, regardless of hydrocarbon class, can be successfully 
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characterized by a single polynomial correlated for normal boiling temperature. The 
multi-group method is used when the multi-component fuel is comprised of species with 
distinctly differing properties. In this method, each group considered has its own evolving 
distribution and its own continuous property correlations. The drawback of the multi-
group method is that weights and nodes must be defined for each group, thus greatly 
increasing the number of equations which must be solved and decreasing the 
computational efficiency of the method. Therefore, in this thesis, the single group method 
will be utilized. For a more precise set of property correlations, as opposed to the Doue 
correlations which were specific to hydrocarbon class [51], new correlations are 
developed in this thesis which are specific for each type of fuel considered (kerosene 
based on the composition in [8] and gasoline based on the composition in [3]). The 
correlations are formed based on the discrete Yaws data [64] using the built-in MATLAB 
polynomial fit function.  
The continuous property correlations which are developed in this thesis are used 
to calculate the mixture properties by applying the continuous mixing rule approach of 
Laurent [8]. For CA-DQMoM, the liquid properties for the droplet are calculated using 
the average nodes, 𝐼?̅?, and the average liquid temperature, ?̅?𝑙, while the properties at the 
interface are calculated using the surface nodes, 𝐼𝑠,𝑗. Since the gas phase distribution is 
not explicitly known in CA-DQMoM (there are no weights and nodes defined in the gas 
phase), the calculation of the gas phase mixture properties is done using only the 
moments of the gas phase distribution.  
The fuel-specific continuous property correlations were developed as a function 
of temperature and normal boiling point. The equations are listed below and the values of 
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the constants for each fuel are provided in Table 2. The saturation vapor pressure is 
calculated in units of [𝑃𝑎] using the Clausius-Clapeyron expression: 
 𝑃𝑠𝑎𝑡(𝐼) = 𝑃0 𝑒𝑥𝑝 [
𝑙𝑣,𝑛𝑏(𝐼)
?̅?
(
1
𝐼
−
1
𝑇𝑙,𝑠
)]  (130) 
where P0 = 101325 𝑃𝑎 is the reference pressure and the latent heat of vaporization 
evaluated at the normal boiling temperature, in units of [
𝐽
𝑘𝑚𝑜𝑙
], is given by the correlation 
as a function of normal boiling temperature: 
 𝑙𝑣,𝑛𝑏(𝐼) = 𝐶07 + 𝐶08𝐼 (131) 
The molecular weight is only a function of normal boiling temperature with units of 
[
𝑘𝑔
𝑘𝑚𝑜𝑙
]: 
 𝑀𝑊(𝐼) = 𝐶09 + 𝐶10𝐼  (132) 
The heat capacity of the liquid is given by the following in units of [
𝐽
𝑘𝑚𝑜𝑙 𝐾
]: 
 𝑐𝑝,𝑙(𝐼) = (𝐶11 + 𝐶12?̅?𝑙) + (𝐶13 + 𝐶14?̅?𝑙)𝐼  (133) 
The molar concentration of the liquid, with units of [
𝑘𝑚𝑜𝑙
𝑚3
], is correlated by its inverse in 
order to maintain linearity in the mixing rule defined in Eq. (117): 
 
1
𝐶𝑙(𝐼)
= (𝐶15 + 𝐶16?̅?𝑙 + 𝐶17?̅?𝑙
2) + (𝐶18 + 𝐶19?̅?𝑙 + 𝐶20?̅?𝑙
2)𝐼 (134)  
The thermal conductivity of the liquid is given by the following in units of [
𝑊
𝑚 𝐾
]: 
 𝑘𝑙(𝐼) = (𝐶21 + 𝐶22?̅?𝑙) + (𝐶23 + 𝐶24?̅?𝑙)𝐼  (135) 
The liquid viscosity, with units of [
𝑘𝑔
𝑚 𝑠
], is correlated for the natural logarithm in order to 
be consistent with the previously defined mixing approach of Eq. (119): 
 𝑙𝑛[𝜇𝑙(𝐼)] = (𝐶25 + 𝐶26?̅?𝑙) + (𝐶27 + 𝐶28?̅?𝑙)𝐼  (136) 
49 
 
The gas heat capacity, latent heat of vaporization, gas thermal conductivity, and 
gas viscosity are similarly correlated with respect to both normal boiling temperature and 
gas temperature at the reference point with units of [
𝐽
𝑘𝑚𝑜𝑙 𝐾
], [
𝐽
𝑘𝑚𝑜𝑙
], [
𝑊
𝑚 𝐾
], and [
𝑘𝑔
𝑚 𝑠
], 
respectively: 
 𝑐𝑝,𝑔(𝐼) = (𝐶29 + 𝐶30𝑇𝑔 + 𝐶31𝑇𝑔
2) + (𝐶32 + 𝐶33𝑇𝑔 + 𝐶34𝑇𝑔
2)𝐼  (137) 
 𝑙𝑣(𝐼) = (𝐶35 + 𝐶36𝑇𝑠 + 𝐶37𝑇𝑠
2) + (𝐶38 + 𝐶39𝑇𝑠 + 𝐶40𝑇𝑠
2)𝐼  (138) 
 𝑘𝑔(𝐼) = (𝐶41 + 𝐶42𝑇𝑔 + 𝐶43𝑇𝑔
2) + (𝐶44 + 𝐶45𝑇𝑔 + 𝐶46𝑇𝑔
2)𝐼 (139) 
 𝜇𝑔(𝐼) = (𝐶47 + 𝐶48𝑇𝑔 + 𝐶49𝑇𝑔
2) + (𝐶50 + 𝐶51𝑇𝑔 + 𝐶52𝑇𝑔
2)𝐼 (140) 
The atomic diffusion volume is only a function of normal boiling temperature and the 
dimensionless property is correlated according to 
 𝑣(𝐼) = 𝐶53 + 𝐶54𝐼  (141) 
The mixture properties for the liquid are calculated by weighting the correlations 
defined above by the average mole fraction distribution and integrating over the entire 
distribution, similar to what was previously done for the Peng-Robinson EoS constants. 
For reference the moments of the average liquid composition are defined as  
 𝑚𝑙
𝑘 = ∫ 𝑥(𝐼)𝐼𝑘𝑑𝐼
∞
0
= ∑ ?̅?𝑙
𝑖(𝑇𝑛𝑏
𝑖 )
𝑘𝑛
𝑖=1 = ∑ ?̅?𝑗(𝐼?̅?)
𝑘𝑁
𝑗=1  (142) 
Therefore, the liquid mixture properties for molecular weight, heat capacity, and molar 
concentration as a function of the moments are given by: 
 𝑀𝑊𝑙 = 𝐶09 + 𝐶10𝑚𝑙
1  (143) 
 𝑐𝑝,𝑙 = (𝐶11 + 𝐶12?̅?𝑙) + (𝐶13 + 𝐶14?̅?𝑙)𝑚𝑙
1  (144) 
 𝐶𝑙 =
1
(𝐶15+𝐶16?̅?𝑙+𝐶17?̅?𝑙
2)+(𝐶18+𝐶19?̅?𝑙+𝐶20?̅?𝑙
2)𝑚𝑙
1  (145) 
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where it is noted that by definition, the zeroth moment sums to unity. By inspection, the 
mixing method developed by Li [65,67] is not compatible with the moment method 
defined above. Therefore, the mixture property for liquid thermal conductivity must be 
approximated using a linear mixing rule, as was previously done by Laurent [8]: 
 𝑘𝑙 = (𝐶21 + 𝐶22?̅?𝑙) + (𝐶23 + 𝐶24?̅?𝑙)𝑚𝑙
1  (146) 
Because the continuous correlation for viscosity was found using 𝑙𝑛[𝜇𝑙(𝐼)], the mixing 
rule is still linear and the mixture property can be expressed in terms of the moments. The 
intermediate steps of the derivation are shown below 
 𝑙𝑛(𝜇𝑙) = ∫ 𝑙𝑛[𝜇𝑙(𝐼)] ?̅?(𝐼)𝑑𝐼
∞
0
  (147) 
 𝑙𝑛(𝜇𝑙) = (𝐶25 + 𝐶26?̅?𝑙) ∫ ?̅?(𝐼)𝑑𝐼
∞
0
+ (𝐶27 + 𝐶28?̅?𝑙) ∫ ?̅?(𝐼)𝐼𝑑𝐼
∞
0
  (148) 
 𝑙𝑛(𝜇𝑙) = (𝐶25 + 𝐶26?̅?𝑙) + (𝐶27 + 𝐶28?̅?𝑙)𝑚𝑙
1  (149) 
 
 For the flux weighted mixture properties at the interface, the moments of the flux 
fractions must be calculated. From Eq. (120), the zeroth and first moments of the flux 
fractions can be defined as 
 𝑚𝜉
0 = ∑ 𝜉𝑖𝑛𝑗=1 =
(𝐵𝑀+1)
𝐵𝑀
𝑚𝑔,𝑠
0 −
1
𝐵𝑀
𝑚𝑔,∞
0   (150) 
 𝑚𝜉
1 = ∑ 𝜉𝑖𝑇𝑛𝑏
𝑖𝑛
𝑗=1 =
(𝐵𝑀+1)
𝐵𝑀
𝑚𝑔,𝑠
1 −
1
𝐵𝑀
𝑚𝑔,∞
1   (151) 
Therefore, the mixture properties for heat capacity and latent heat of vaporization in the 
gas phase at the surface are given by 
 𝑐𝑝,𝑣 = (𝐶29 + 𝐶30𝑇𝑔 + 𝐶31𝑇𝑔
2)𝑚𝜉
0 + (𝐶32 + 𝐶33𝑇𝑔 + 𝐶34𝑇𝑔
2)𝑚𝜉
1  (152) 
 𝑙𝑣 = (𝐶35 + 𝐶36𝑇𝑠 + 𝐶37𝑇𝑠
2)𝑚𝜉
0 + (𝐶38 + 𝐶39𝑇𝑠 + 𝐶40𝑇𝑠
2)𝑚𝜉
1  (153) 
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The gas phase mixture properties are similarly correlated using the moments for 
the fuel and air evaluated at the reference point. The molecular weights of the fuel and 
gas mixture are given by the equations 
 𝑀𝑊𝑓𝑢𝑒𝑙 = 𝐶09 + 𝐶10
𝑚𝑔,𝑟𝑒𝑓
1
𝑚𝑔,𝑟𝑒𝑓
0   (154) 
 𝑀𝑊𝑔 = 𝐶09𝑚𝑔,𝑟𝑒𝑓
0 + 𝐶10𝑚𝑔,𝑟𝑒𝑓
1 + 𝑀𝑊𝑎𝑖𝑟𝑚𝑎𝑖𝑟,𝑟𝑒𝑓
0  (155) 
where it is noted that 𝑚𝑎𝑖𝑟,𝑟𝑒𝑓
0 = 1 − 𝑚𝑔,𝑟𝑒𝑓
0 . Similar to the liquid thermal conductivity, 
the Wassiljewa mixing equation [65,70] for the thermal conductivity of the gas mixture in 
Eq. (125) cannot be converted to a mixing rule which uses the moments of the gas phase 
composition. Therefore, it is approximated that the properties of the fuel species are 
similar enough that they can be approximated using a linear mixing rule, as was 
previously done by Laurent [8]. Then, the fuel and air properties are mixed using the 
more robust mixing methods. The properties of the fuel are given by 
 𝑘𝑓𝑢𝑒𝑙 = (𝐶41 + 𝐶42𝑇𝑔 + 𝐶43𝑇𝑔
2) + (𝐶44 + 𝐶45𝑇𝑔 + 𝐶46𝑇𝑔
2)𝑚𝑔,𝑟𝑒𝑓
1 /𝑚𝑔,𝑟𝑒𝑓
0  (156) 
 𝜇𝑓𝑢𝑒𝑙 = (𝐶47 + 𝐶48𝑇𝑔 + 𝐶49𝑇𝑔
2) + (𝐶50 + 𝐶51𝑇𝑔 + 𝐶52𝑇𝑔
2)𝑚𝑔,𝑟𝑒𝑓
1 /𝑚𝑔,𝑟𝑒𝑓
0  (157) 
Using the Wassiljewa mixing equation [65,70], the thermal conductivity of the gas (fuel 
and air species) is given by 
 𝑘𝑔 =
𝑚𝑔,𝑟𝑒𝑓
0 𝑘𝑓𝑢𝑒𝑙
(𝑚𝑔,𝑟𝑒𝑓
0 𝐴𝑓−𝑓+𝑚𝑎𝑖𝑟,𝑟𝑒𝑓
0 𝐴𝑓−𝑎)
+
𝑚𝑎𝑖𝑟,𝑟𝑒𝑓
0 𝑘𝑎𝑖𝑟
(𝑚𝑔,𝑟𝑒𝑓
0 𝐴𝑎−𝑓+𝑚𝑎𝑖𝑟,𝑟𝑒𝑓
0 𝐴𝑎−𝑎)
 (158) 
where 
 𝐴𝑓−𝑎 = 1.065
[1+(
𝜇𝑓𝑢𝑒𝑙
𝜇𝑎𝑖𝑟
)
1 2⁄
(
𝑀𝑊𝑎𝑖𝑟
𝑀𝑊𝑓𝑢𝑒𝑙
)
1 4⁄
]
2
[8(1+
𝑀𝑊𝑓𝑢𝑒𝑙
𝑀𝑊𝑎𝑖𝑟
)]
1/2  (159) 
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 𝐴𝑎−𝑓 = 1.065
[1+(
𝜇𝑎𝑖𝑟
𝜇𝑓𝑢𝑒𝑙
)
1 2⁄
(
𝑀𝑊𝑓𝑢𝑒𝑙
𝑀𝑊𝑎𝑖𝑟
)
1 4⁄
]
2
[8(1+
𝑀𝑊𝑎𝑖𝑟
𝑀𝑊𝑓𝑢𝑒𝑙
)]
1/2  (160) 
 𝐴𝑓−𝑓 = 𝐴𝑎−𝑎 = 1.065 (161) 
The atomic diffusion volume of the fuel is calculated using the equation 
 𝑣𝑓𝑢𝑒𝑙 = 𝐶53 + 𝐶54
𝑚𝑔,𝑟𝑒𝑓
1
𝑚𝑔,𝑟𝑒𝑓
0   (162) 
The same equations for the gas and liquid diffusivities which were used in the DCM, Eqs. 
(127) and (129) are used for the CA-DQMoM model. 
 
Table 2. Constants for continuous property correlations 
 
Property Constant Kerosene Gasoline 
𝑙𝑣,𝑛𝑏 
𝐶07 -5.87E+06 -2.10E+06 
𝐶08 1.01E+05 90062 
𝑀𝑊 
𝐶09 -133.07 -83.569 
𝐶10 0.63575 0.51503 
𝑐𝑝,𝑙 
𝐶11 -1.82E+05 -7.16E+05 
𝐶12 -325.9 1852.5 
𝐶13 792.34 2223.5 
𝐶14 1.8695 -3.9155 
𝐶𝑙 
𝐶15 0.071202 2.2719 
𝐶16 -0.00128 -0.01414 
𝐶17 2.08E-06 2.14E-05 
𝐶18 0.000315 -0.00561 
𝐶19 2.35E-06 3.71E-05 
𝐶20 -3.14E-09 -5.53E-08 
𝑘𝑙 
𝐶21 0.19846 0.32131 
𝐶22 -0.0004 -0.00066 
𝐶23 3.45E-07 -0.00036 
𝐶24 3.35E-07 1.09E-06 
𝜇𝑙 
𝐶25 -9.5835 -6.9413 
𝐶26 -0.00401 -0.01425 
𝐶27 0.011331 0.005043 
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𝐶28 -1.20E-05 1.42E-05 
𝑐𝑝,𝑔 
𝐶29 -1.16E+05 50368 
𝐶30 -375.16 -729.21 
𝐶31 -0.00102 0.37133 
𝐶32 305.62 -146.74 
𝐶33 2.7519 3.7883 
𝐶34 -0.00062 -0.00166 
𝑙𝑣 
𝐶35 -6.26E+07 -2.07E+08 
𝐶36 1.84E+05 1.20E+06 
𝐶37 -340.4 -1947.3 
𝐶38 2.72E+05 6.59E+05 
𝐶39 -400.57 -3135.5 
𝐶40 0.51623 4.8405 
𝑘𝑔 
𝐶41 -0.0268 -0.01217 
𝐶42 0.000127 8.84E-05 
𝐶43 9.45E-08 9.35E-08 
𝐶44 4.52E-05 8.25E-06 
𝐶45 -1.85E-07 -8.62E-08 
𝐶46 -9.33E-11 -8.26E-11 
𝜇𝑔 
𝐶47 -8.01E-07 -1.27E-06 
𝐶48 4.14E-08 5.07E-08 
𝐶49 -1.29E-11 -2.39E-11 
𝐶50 5.75E-10 1.59E-09 
𝐶51 -4.89E-11 -7.20E-11 
𝐶52 2.49E-14 5.34E-14 
𝑣 
𝐶53 -192.99 -122.37 
𝐶54 0.93001 0.7559 
 
 
 The accuracy of the correlations is demonstrated in the results section, where the 
DCM is solved with the discrete properties and the CA-DQMoM models are run with the 
new correlations. For some properties, such as molecular weight, the property data trends 
very well with normal boiling point. However, with other properties, such as the liquid 
thermal conductivity, the data is not well correlated to the normal boiling temperature. 
Optimization of these correlations is considered future work. 
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2.5.3 Pressure Effects on Physical Properties 
 
The discrete properties and mixing rules discussed thus far are applicable to low 
pressure test conditions. With the extension of CA-DQMoM to non-ideal VLE conditions 
using the Peng-Robinson EoS, it is desired that the model as a whole be applicable to 
high pressure conditions. It has been determined that for the pressure conditions 
considered in this thesis, the properties calculated using the low pressure correlations and 
those calculated using common pressure correction methods [65] are approximately the 
same. Therefore, the incorporation of pressure correction methods for the property 
calculations will be considered in future work. 
 
2.6 Numerical Approach 
 
Both the CA-DQMoM model and the finite diffusivity DCM used for comparison 
were solved in MATLAB utilizing the IDA solver developed by the Lawrence Livermore 
National Laboratory [75]. All models contain one ODE for temperature, one algebraic 
temperature equation, and one ODE for droplet radius. A summary of the number of 
equations solved for each method is summarized in Table 3, where it is noted that 
typically, 𝑁 ≪ 𝑛. 
For all CA-DQMoM models, the delumping step, which involves integrals with 
respect to time, was computed using the trapezoid rule following the CA-DQMoM 
solution for the time interval [12]. To utilize CA-DQMoM with delumping in a CFD 
simulation, the delumping step would need to be performed following every time step.  
The initial conditions for the differential variables, ?̅?𝑗 and 𝐼?̅?, are calculated using 
QMoM and Wheeler’s algorithm [45], utilizing the same method as the well-mixed 
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model [12]. Since the surface weights and nodes are algebraically calculated variables, 
the DAE solver computes consistent initial conditions for 𝑤𝑠,𝑗, and 𝐼𝑠,𝑗. 
 
Table 3. Number of species equations solved for each type of model 
 
Model Type VLE Method Species Equation Descriptions 
No. of Species 
Equations 
DCM Raoult’s Law 
n species ODEs (?̅?𝑙
𝑖) 
n species algebraic (𝑥𝑙,𝑠
𝑖 ) 
2n 
DCM Peng-Robinson 
n species ODEs (?̅?𝑙
𝑖) 
n species algebraic (𝑥𝑙,𝑠
𝑖 ) 
n VLE algebraic (𝑥𝑔,𝑠
𝑖 ) 
3n 
CA-DQMOM Raoult’s Law 
2N species ODEs (?̅?𝑗 , 𝐼?̅?) 
2N species algebraic (𝑤𝑠,𝑗, 𝐼𝑠,𝑗) 
4N 
CA-DQMOM  
w/ NA 
Raoult’s Law 
2N species ODEs (?̅?𝑗 , 𝐼𝑗) 
N species algebraic (𝑤𝑠,𝑗, ) 
3N 
CA-DQMOM Peng-Robinson 
2N species ODEs (?̅?𝑗 , 𝐼?̅?) 
2N species algebraic (𝑤𝑠,𝑗, 𝐼𝑠,𝑗) 
2 VLE algebraic (𝑚𝑔,𝑠
0 , 𝑚𝑔,𝑠
1 ) 
4N+2 
CA-DQMOM  
w/ NA 
Peng-Robinson 
2N species ODEs (?̅?𝑗 , 𝐼𝑗) 
N species algebraic (𝑤𝑠,𝑗) 
2 VLE algebraic (𝑚𝑔,𝑠
0 , 𝑚𝑔,𝑠
1 ) 
3N+2 
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3. HYBRID DROPLET VAPORIZATION – CHEMICAL SURROGATE MODEL 
 
 
The output of both the DCM and CA-DQMoM with delumping models is the 
instantaneous vapor molar flow rate of every discrete species, ?̇?𝑖, from the droplet. 
Without a subsequent surrogate method, the species vapor molar flow rates would serve 
as the CFD source terms for the n discrete species entering the gas phase. However, 
because hydrocarbon fuels are comprised of many chemical species, the evaluation of a 
chemical kinetics model for all discrete components would be computationally 
impractical. 
The novel chemical surrogate FGM method is a simple algebraic system of 
equations which calculates the chemical surrogate source terms for the gas phase solver 
in a CFD simulation based on the output of the delumped CA-DQMoM droplet 
vaporization model developed in Section 2.2. The determination of the surrogate 
composition does not require optimization calculations, as has been done in formulating 
previous chemical surrogates [16,19,20,24,27,28], making it a computationally efficient 
method for solving an instantaneous vaporization-dependent surrogate composition. 
Because the input to the FGM method, ?̇?𝑖, includes every discrete species of the fuel, it 
enables very accurate emulation of a complex multicomponent fuel in the gas phase by 
the chemical surrogate. The molar flow rates of the FGM chemical surrogate species are 
calculated by matching the distribution of functional groups which are known to impact 
combustion to those of the full delumped fuel. The chemical functional groups most 
correlated with combustion behavior were determined by Won et al. to be CH2, (CH2)n, 
CH3, and Benzyl-type [28]. The FGM method will be developed for kerosene in this 
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thesis, with the extension to other fuels, such as gasoline and diesel, considered in future 
works. 
 
3.1 Selection of Chemical Surrogate Species 
 
The chemical surrogate components were selected based on species which are 
commonly used [22,28] to ensure that chemical kinetic mechanisms are available for 
each surrogate species. Four components were selected: a lightweight n-alkane (n-
heptane), a heavy n-alkane (n-hexadecane), an iso-alkane (iso-dodecane), and an 
aromatic (1,3,5-trimethylbenzene). The two n-alkanes are used to match the MW of the 
fuel, which will be discussed in the next section. The surrogate components and their 
functional group compositions are listed in Table 4. 
 
Table 4. Chemical surrogate components and their functional groups 
 
Class Species Index, Sj Formula CH2 (CH2)n CH3 CH C Benzyl 
n-alkane n-heptane S1 C7H16 0 5 2 0 0 0 
n-alkane n-hexadecane S2 C16H34 0 14 2 0 0 0 
iso-alkane iso-dodecane* S3 C12H26 2 0 7 1 2 0 
aromatic 1,3,5-TMB** S4 C9H12 0 0 3 0 0 1 
*CAS-ID: 13475-82-6 
**TMB = trimethylbenzene 
 
 
3.2 Functional Group Matching Method 
 
From the output of the droplet vaporization model, the discrete species vapor 
molar flow rate, ?̇?𝑖, is used to calculate the molar flow rate of each functional group 
entering the gas phase: 
 ?̇?𝑘
𝐹 = ∑ ?̇?𝑖𝐺𝑘
𝑖𝑛
𝑖=1   (163) 
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where k is the index of the functional group, the superscript F denotes for the total fuel, 
and G is the mole fraction of the functional group for the species. For example, 𝐺𝐶𝐻3
𝑖  
represents the moles of functional group CH3 per mole of discrete component i and ?̇?𝐶𝐻3
𝐹  
represents the total molar flow rate of functional group CH3 entering the gas phase with 
units of [
𝑚𝑜𝑙𝑒𝑠 𝑜𝑓 𝐶𝐻3
𝑠
]. As discussed, the functional groups CH2, (CH2)n, CH3 and Benzyl-
type were selected for matching based on previous sensitivity analysis [28]. In addition to 
the four key functional groups, the MW is used as a matching parameter. The molar flow 
rates of each chemical surrogate component, ?̇?𝑆𝑗 (S denotes the surrogate and j is the 
index for the surrogate species), are calculated based on the following matching matrix: 
[
 
 
 
 
0 0 0 𝐺𝐵𝑒𝑛𝑧
𝑆4
(𝐺𝐶𝐻2
𝑆1 + 𝐺(𝐶𝐻2)𝑛
𝑆1 ) (𝐺𝐶𝐻2
𝑆2 + 𝐺(𝐶𝐻2)𝑛
𝑆2 ) (𝐺𝐶𝐻2
𝑆3 + 𝐺(𝐶𝐻2)𝑛
𝑆3 ) 0
𝐺𝐶𝐻3
𝑆1 𝐺𝐶𝐻3
𝑆2 𝐺𝐶𝐻3
𝑆3 𝐺𝐶𝐻3
𝑆4
(𝑀𝑊1 − 𝑀𝑊𝐹) (𝑀𝑊2 − 𝑀𝑊𝐹) (𝑀𝑊3 − 𝑀𝑊𝐹) (𝑀𝑊4 − 𝑀𝑊𝐹)]
 
 
 
 
 
 𝑥 [
?̇?𝑆1
?̇?𝑆2
?̇?𝑆3
?̇?𝑆4
] =
[
 
 
 
 
?̇?𝐵𝑒𝑛𝑧
𝐹
?̇?𝐶𝐻2
𝐹 + ?̇?(𝐶𝐻2)𝑛
𝐹
?̇?𝐶𝐻3
𝐹
0 ]
 
 
 
 
 (164) 
where ?̇?𝑆1 is the vapor molar flow rate of surrogate component S1 (n-heptane).  
The first row of Eq. (164) is a 1:1 matching of the molar flow rate of the benzyl-
type functional group of the full delumped fuel to the aromatic surrogate (135 TMB). The 
second row of Eq. (2) matches the molar flow rate sum of the CH2 and (CH2)n functional 
groups from the real fuel to that of the surrogate. The third row of Eq. (164) similarly 
matches the CH3 functional groups. The importance of using two n-alkanes, one light and 
one heavy, can be seen in the matching of the MW in the fourth row of Eq. (164). It 
should be noted that the two n-alkane surrogate species should be selected such that the 
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fourth row of Eq. (164) can be satisfied during the majority of the vaporization process. If 
the S1 surrogate species is too heavy to satisfy the MW matching equation during early 
vaporization times where the fuel going into the gas phase is very light, a non-physical 
solution to the system of equations will occur, causing negative values of ?̇?𝑆𝑗 for the 
surrogate. A similar non-physical solution will result if the S2 surrogate species is too 
light to satisfy the equation during late vaporization times. In cases where the MW 
constraint cannot be satisfied, the solution can be modified by adjusting the solution 
according to the conditions: 
 {
𝑖𝑓 ?̇?𝑆1 < 0 , ?̇?𝑆1 = 0
𝑖𝑓 ?̇?𝑆2 < 0, ?̇?𝑆2 = 0 
 (165) 
with the remaining ?̇?𝑆𝑗 recalculated from rows 1, 2, and 3 of Eq. (164). 
 
3.3 Calculation of Combustion Property Targets 
 
The hybrid method is validated by comparing the calculated CPTs of the chemical 
surrogate to those calculated for the real fuel from the DCM. The MW and H/C ratio are 
calculated using linear blending rules based on the mole fractions of each species. For the 
hybrid surrogate method, the MW and H/C mixing rules are calculated according to the 
equations: 
 (𝑀𝑊)𝑆 = ∑
?̇?𝑆𝑗
?̇?𝑆𝑡𝑜𝑡
𝑀𝑊𝑗4𝑗=1  (166) 
 (𝐻 𝐶⁄ )𝑆 =
∑
?̇?𝑆𝑗
?̇?𝑆𝑡𝑜𝑡
𝐻𝑗4𝑗=1
∑
?̇?𝑆𝑗
?̇?𝑆𝑡𝑜𝑡
𝐶𝑗4𝑗=1
 (167) 
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where H and C are the number of hydrogen and carbon atoms per molecule. For the exact 
method using the molar flow rates of the discrete fuel species from the DCM, the MW 
and H/C mixing rules are calculated according to the equations: 
 (𝑀𝑊)𝑓𝑢𝑒𝑙 = ∑
?̇?𝑖
?̇?𝑡𝑜𝑡
𝑀𝑊𝑖𝑛𝑖=1  (168) 
 (𝐻 𝐶⁄ )𝑓𝑢𝑒𝑙 =
∑
?̇?𝑖
?̇?𝑡𝑜𝑡
𝐻𝑖𝑛𝑖=1
∑
?̇?𝑖
?̇?𝑡𝑜𝑡
𝐶𝑖𝑛𝑖=1
 (169) 
The DCN is calculated using the functional group regression developed in [28].  
 𝐷𝐶𝑁 = 48.5∑ 𝑎𝑘 (
𝑛𝑘
𝑛𝑘,𝑟𝑒𝑓
)
𝑚𝑘
6
𝑘=1  (170) 
𝑤here for the surrogate, 
 (𝑛𝑘)𝑆 = ∑
?̇?𝑆𝑗
?̇?𝑆𝑡𝑜𝑡
𝐺𝑘
𝑆𝑗4
𝑗=1  (171) 
and for the discrete fuel using the exact method: 
 (𝑛𝑘)𝑓𝑢𝑒𝑙 = ∑
?̇?𝑖
?̇?𝑡𝑜𝑡
𝐺𝑘
𝑖𝑛
𝑖=1  (172) 
Because insufficient data currently exists for the TSI of pure cycloalkane components, it 
is not possible to calculate the TSI of the full delumped fuel. Therefore, accuracy of the 
TSI for the chemical surrogate is evaluated using comparison to typical ranges of TSI in 
kerosene fuels. The TSI of the surrogate is calculated using linear blending rules for pure 
components [76–79] . 
 (𝑇𝑆𝐼)𝑆 = ∑
?̇?𝑆𝑗
?̇?𝑆𝑡𝑜𝑡
(𝑇𝑆𝐼)𝑗4𝑗=1  (173) 
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4. RESULTS 
 
 
4.1 Droplet Vaporization Model 
 
The CA-DQMoM with delumping model for a multi-component droplet with 
finite liquid diffusivity was validated by comparing the results to those calculated using 
the DCM, which is considered to be an exact solution. In order to demonstrate the 
accuracy and computational savings achieved using the various CA-DQMoM with 
delumping models, test cases were performed for a kerosene droplet of 36 species, a 
gasoline droplet of 83 species, and a hypothetical droplet of 200 species.  
 
4.1.1 Validation of CA-DQMOM (Kerosene) 
 
Test conditions were specified for a 50 μm droplet of kerosene initially at 300 K 
exposed to gas at 500 K and 5 bar [10]. The far-field conditions are specified as 𝑥𝑔,∞
𝑎𝑖𝑟 =
0.7 and 𝑥𝑔,∞
𝑖=1 = 0.3 where the first component i = 1 corresponds to isohexane, the most 
volatile component [10]. As discussed in [10], these boundary conditions result in a 
computationally difficult test case for CTM, with condensation initially occurring. 
Similar to the well-mixed models [10,11], it is assumed that the boundary conditions are 
constant. The normal boiling points and initial liquid composition for the 36 species of 
kerosene are taken from [8] and are used as the initial conditions for the average liquid 
mole fractions. Figure 3 shows the initial mole fractions of the discrete species plotted 
against normal boiling temperature, the continuous distribution (liquid mole fraction) as a 
function of the distribution variable (normal boiling point), and the initial CA-DQMoM 
average weights and nodes. 
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Fig. 3. Initial conditions for kerosene depicted for the 36 discrete species (?̅?𝑙
𝑖), as a 
continuous function of the distribution variable, in this case normal boiling temperature, 
(?̅?𝑙(𝐼)), and for the CA-DQMoM pseudo-components when N=4 (?̅?𝑗) 
 
 
CA-DQMoM was applied to the kerosene droplet using N = 2, 3, and 4 nodes. 
Figures 4 through 6 show the evolution of the average and surface weights and nodes for 
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the three cases. Similar to the results of the well-mixed droplet [11], the CA-DQMoM 
weights and nodes are smooth and stable.  
 
 
 
Fig. 4. Evolution of CA-DQMoM weights and nodes (𝐼?̅?, ?̅?𝑗, 𝐼𝑠,𝑗, 𝑤𝑠,𝑗) for N=2 
 
 
 
 
Fig. 5. Evolution of CA-DQMoM weights and nodes (𝐼?̅?, ?̅?𝑗, 𝐼𝑠,𝑗, 𝑤𝑠,𝑗) for N=3 
 
64 
 
 
 
Fig. 6. Evolution of CA-DQMoM weights and nodes (𝐼?̅?, ?̅?𝑗, 𝐼𝑠,𝑗, 𝑤𝑠,𝑗) for N=4 
 
 
The accuracy of the CA-DQMoM model was first evaluated by comparing the 
results for the total mixture to those calculated using the DCM. Figure 7 shows the total 
vapor molar flow rate calculated using CA-DQMoM with N = 2, 3, and 4 compared to 
the DCM. It can be seen that the CA-DQMoM method with N = 3 and N = 4 nodes 
produces extremely accurate results for the evolution of the total mixture, including 
during initial condensation where the total molar flow rate is negative. There is slight 
error observed for the total molar flow rate calculated with N = 2. The accuracy of the 
method to predict the evolution of the total mixture is demonstrated further in Fig. 8 for 
the instantaneous droplet radius versus time. 
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Fig. 7. Evolution of total vapor molar flow rate with time for CA-DQMoM  
(N = 2, 3, and 4) compared to the DCM 
 
 
 
 
Fig. 8. Evolution of droplet radius with time for CA-DQMoM  
(N = 2, 3, and 4) compared to the DCM  
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The delumping portion of the model builds on the CA-DQMoM results and 
provides information on each real discrete species. The accuracy of CA-DQMoM with 
delumping (N = 3) is demonstrated in Figs. 9 and 10 for the average liquid mole fractions 
and the surface liquid mole fractions, respectively, for each of the 36 components of 
kerosene at various times throughout vaporization. Figure 11 shows that the vapor molar 
flow rates for each discrete species, which serve as source terms for the gas-phase solver 
in CFD codes, are also in good agreement with the values from DCM, including at an 
early time. The excellent agreement between CA-DQMoM with delumping and DCM 
affirmatively answers the question [7] of whether moment methods can be successfully 
extended to droplets with finite liquid diffusivity. 
 
 
 
Fig. 9. Average liquid mole fractions calculated using CA-DQMoM (N=3) with 
delumping versus the DCM at three times 
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Fig. 10. Surface liquid mole fractions calculated using CA- DQMoM (N=3) with 
delumping versus the DCM at three times 
 
 
 
 
Fig. 11. Comparison of discrete species vapor molar flow rates calculated using CA-
DQMoM with delumping (N=3) and the DCM, at four times 
68 
 
 Although Figs. 9, 10, and 11 demonstrate excellent agreement with the exact 
method, it is important to note the main source of the slight error noticed for the lightest 
species (isohexane with 𝑇𝑛𝑏 = 331 𝐾) and for all species at the latest time (𝑡 = 0.04 𝑠). 
The source of this error is not in the computational methods of CA-DQMoM, but rather 
in the error created from using the continuous property correlations generated in Section 
2.5.2. If the DCM is run with the continuous property correlations instead of the discrete 
species properties, the slight error previously observed disappears, as shown in Fig. 12. 
Therefore, it is the goal in future work to optimize the property correlations to close the 
error gap.  
 
 
Fig. 12. Average liquid mole fractions calculated using CA-DQMoM (N=3) with 
delumping versus the DCM at three times where the DCM is calculated using the 
continuous property correlations 
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To evaluate the accuracy of CA-DQMoM with delumping as compared to the 
finite diffusivity DCM, the two-norm relative error was calculated according to the 
following equation: 
 𝑒𝑟𝑟 =  
[∑ (?̇?𝐶𝐴−𝐷𝑄𝑀𝑜𝑀
𝑖 −?̇?𝐷𝐶𝑀
𝑖 )
2
𝑛
𝑖=1 ]
1/2
[∑ (?̇?𝐷𝐶𝑀
𝑖 )
2𝑛
𝑖=1 ]
1/2  (174) 
The relative error in species vapor molar flow rates for CA-DQMoM with delumping for 
N = 2, 3, and 4 compared to the DCM are plotted in Fig. 13 for all times. As previously 
discussed, the majority of the error seen in the Fig. 13 is due to the differences between 
the discrete properties and the continuous property correlations. The relative error was 
also calculated for CA-DQMoM with N = 2, 3, and 4 compared to the DCM using the 
group property correlations instead of the discrete species properties. As seen in Fig. 14, 
the error decreases significantly in this case. Therefore, if the property correlations could 
be optimized, the lowest possible error achievable by CA-DQMoM with N = 3 and N = 4 
would be below 2%. Although Fig. 13 implies that there is the least amount of error 
associated with N = 2 prior to 0.03 seconds, it can be clearly seen in Fig. 14 that the N = 
3 and N = 4 models are much more accurate. It is likely that the error associated with too 
few CA-DQMoM nodes is being offset by the error associated with the property 
correlations. Based on computation time and accuracy, CA-DQMoM with three nodes 
would be the best option for implementation into CFD simulations. 
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Fig. 13. Two-norm relative error in discrete species vapor molar flow rates calculated 
using CA-DQMoM with delumping (with DCM calculated using the discrete species 
properties) 
 
 
 
 
Fig. 14. Two-norm relative error in discrete species vapor molar flow rates calculated 
using CA-DQMoM with delumping (with DCM calculated using the continuous property 
correlations) 
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4.1.2 Validation of CA-DQMOM (200 Species Droplet) 
 
The CA-DQMoM with delumping model was also applied to a droplet composed 
of 200 hypothetical species. Similar to the first test case, a 50 μm diameter droplet 
initially at 300 K exposed to gas at 500 K and 5 bar is employed. The initial conditions 
for the liquid include 200 discrete species with normal boiling points between 331 K and 
560 K. The initial average liquid mole fractions are random and are shown in Fig. 15. 
The constant far-field gas phase mole fractions, shown in Fig. 16, are also randomized 
with a total gaseous fuel composition of 5% and the remaining 95% being air. Because 
the species are hypothetical, the continuous property correlations developed in Section 
2.5.2 are used for both the DCM and CA-DQMoM. Therefore, the results presented in 
this section purely evaluate the CA-DQMoM method and not the accuracy of the 
property correlations. 
 
 
 
Fig. 15. Initial conditions for the average liquid mole fraction distribution for a droplet 
with 200 hypothetical species 
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Fig. 16. Constant far-field gas mole fraction distribution for a droplet with 200 
hypothetical species 
 
 
The CA-DQMoM results for droplet radius calculated using N = 2, 3, and 4 are 
shown in Fig. 17. Similar to the kerosene test case, the total mixture results are extremely 
accurate for CA-DQMoM with N =3 and N = 4, with a slight error observed for N = 2. 
  
 
 
Fig. 17. Evolution of droplet radius with time for CA-DQMoM (N = 2, 3, and 4) 
compared to the DCM 
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Delumping was performed following the CA-DQMoM solution and the discrete 
species results for the 200 hypothetical droplet components were compared to the full 
DCM. The agreement between the two models is excellent, as shown by the results for 
species vapor molar flow rates in Fig. 18. The two-norm relative error, defined in Eq. 
(174), was calculated for the 200 species vapor molar flow rates and is graphed in Fig. 
19. 
 
 
 
Fig. 18. Comparison of discrete species vapor molar flow rates calculated using CA-
DQMoM with delumping (N=3) and the DCM, at four times 
 
74 
 
 
 
Fig. 19. Two-norm relative error in discrete species vapor molar flow rates calculated 
using CA-DQMoM with delumping 
 
 
4.1.3 Validation of CA-DQMOM with Node Approximation (Kerosene) 
 
CA-DQMoM with node approximation, as described in Section 2.2.3, decreases 
the DAE system by N algebraic equations but is only valid when the boundary conditions 
are either pure air or a percentage of stoichiometric gaseous fuel. Figure 20 graphs the 
total vapor molar flow rates calculated by CA-DQMoM with node approximation, CA-
DQMoM, and the DCM for three different boundary conditions for a vaporizing kerosene 
droplet. The first and second graphs of Fig. 20 show the accuracy of the node 
approximation model when the boundary conditions are pure air or 30% stoichiometric 
kerosene gas, respectively. The third graph of Fig. 20 shows that for the unique boundary 
condition of 30% isohexane, which is the most volatile component of the droplet, the 
approximation of 𝐼?̅? ≈ 𝐼𝑠,𝑗 is not valid and a full DQMoM model with 4N species 
equations must be used. 
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Fig. 20. Evolution of total vapor molar flow rate with time for CA-DQMoM with node 
approximation (N=4), CA-DQMoM (N=4), and DCM for various boundary conditions 
 
 
The same delumping procedure can be applied to the node approximation model. 
The species vapor molar flow rates for the test case of kerosene with pure air at the far-
field boundary calculated by node approximation with delumping is compared to the 
results of the DCM in Fig. 21. Like the CA-DQMoM model, the delumped solution of the 
CA-DQMoM with node approximation shows excellent agreement with the DCM.  
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Fig. 21. Comparison of discrete species vapor molar flow rates calculated using CA-
DQMoM with node approximation and delumping (N=3) and the DCM, at four times 
 
 
4.1.4 Validation of CA-DQMOM Using the Peng-Robinson EoS (Gasoline) 
 
To validate the CA-DQMoM model which used the Peng-Robinson EoS to define 
VLE for non-ideal mixtures, test conditions were specified for a 24 μm droplet of 
gasoline initially at 296 K exposed to gas at 545 K and 9 bar [15]. The far-field 
conditions are considered to be air. The initial liquid composition for the 83 species of 
gasoline are taken from [3] and are used as the initial conditions for the average liquid 
mole fractions. Figure 22 shows the initial mole fractions of the discrete species plotted 
against normal boiling temperature. 
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Fig. 22. . Initial conditions for the 83 species in gasoline. Major species shown on left 
and minor species shown on right. 
 
 
 The accuracy of CA-DQMoM using the Peng-Robinson EoS was validated for the 
total mixture with the results for droplet radius and total vapor molar flow rate shown in 
Figs. 23 and 24. Similar to the CA-DQMoM model for ideal mixtures, the CA-DQMoM 
model using the Peng-Robinson EoS is in good agreement with the Peng-Robinson 
DCM. There is some error in the total vapor molar flow rate observed in Fig. 24 towards 
the end of the droplet lifetime. As previously discussed, much of the error is due to the 
property correlations and at later times, the droplet is primarily composed of the heavier 
species which can amplify these errors. It is anticipated that future work could optimize 
the property correlations to eliminate these issues.  
 The discrete species vapor molar flow rates calculated with CA-DQMoM using 
the Peng-Robinson EoS compared to the exact method is shown in Fig. 25. Again, the 
agreement of the method is excellent with slight, but acceptable, errors due to the 
property correlations. 
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Fig. 23. Instantaneous droplet radius versus time for CA-DQMoM  
(N = 2, 3, and 4) compared to the DCM using the Peng-Robinson EoS 
 
 
 
 
Fig. 24. Evolution of total vapor molar flow rate with time for CA-DQMoM  
(N = 2, 3, and 4) compared to the DCM using the Peng-Robinson EoS 
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Fig. 25. Comparison of discrete species vapor molar flow rates calculated using CA-
DQMoM with delumping (N=3) and the DCM, at four times for the Peng-Robinson EoS 
models 
 
 
 The DCM using Raoult’s Law and the DCM using the Peng-Robinson EoS can be 
used to evaluate the effect of increasing pressure on the droplet model. The total vapor 
molar flow rate calculated with the two VLE methods is shown in Fig. 26 for far-field 
pressures of 5 bar, 10 bar and 20 bar. It can be seen that at 5 bar, the ideal-mixture 
assumption is acceptable but once the pressure is increased to 20 bar, the effects of non-
ideality become more significant. 
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Fig. 26. Comparison of the DCM with Raoult’s Law (ideal mixture) and the DCM with 
the Peng-Robinson EoS (non-ideal mixture) at three far-field pressures – evolution of 
total vapor molar flow rate 
 
 
4.1.5 Well-Mixed vs. Parabolic Liquid Phase Models 
 
As discussed, DQMoM [11] and delumping [12] were previously developed for a 
well-mixed droplet where the liquid diffusivity is assumed to be infinite. The significance 
of the new method, CA-DQMoM, which accounts for finite rates of liquid diffusion will 
be discussed in this section by comparing the parabolic and well-mixed droplet models. 
For the test case described in Section 0 for a kerosene droplet with far-field 
conditions composed of 30% isohexane, the well-mixed and parabolic models produce 
different results for the evolution of the droplet, as can be seen in Fig. 27. Due to the 
infinite liquid diffusivity assumption, the well-mixed model overestimates both the rate 
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of condensation (where vapor molar flow rate is negative) and the rate of vaporization 
(where vapor molar flow rate is positive). It is interesting to note, however, that for a 
kerosene droplet vaporizing in air, the evolution of the total droplet properties are the 
same for both the well-mixed and parabolic models, as seen in Fig. 28. However, 
although both models produce the same result for the evolution of the overall droplet, the 
individual species vaporization rates differ significantly, as seen in Fig. 29. Once again, 
for the discrete species vapor molar flow rates, the well-mixed model overestimates the 
vaporization rates due to the assumption of infinite liquid diffusivity. Therefore, 
regardless of the boundary conditions, accounting for the finite rates of liquid diffusion 
within the droplet is important for obtaining accurate results for the discrete species vapor 
molar flow rates. 
 
 
 
Fig. 27. Comparison of the well-mixed and parabolic liquid phase models for a kerosene 
droplet with far-field composition of 30% isohexane – evolution of total vapor molar flow 
rate  
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Fig. 28. Comparison of the well-mixed and parabolic liquid phase models for a kerosene 
droplet with far-field composition of air – evolution of total vapor molar flow rate  
 
 
 
 
Fig. 29. Comparison of the well-mixed and parabolic liquid phase models for a kerosene 
droplet with far-field composition of air – evolution of species vapor molar flow rate for 
n-hexane (left) and iso-octane (right)  
 
 
4.1.6 Computational Savings 
 
The advantage of CA-DQMoM with delumping is the reduced computational time 
compared to a full DCM, without the loss of information on any discrete species. Figure 
30 shows the computational time for various models and numbers of species. It is of note 
that the DCM calculated using discrete properties requires a significantly higher 
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computation time than the DCM calculated using group property correlations, as is seen 
by comparing the light and dark blue bars. Therefore, for the subsequent analysis of 
computation time, CA-DQMoM’s computational efficiency will be compared against the 
DCM calculated with group property correlations for consistency and to avoid inflating 
the computational savings. For the test case of kerosene with 36 components, CA-
DQMoM (N=3) with delumping is over 40% more efficient than the DCM for the finite 
diffusivity model (with group property correlations). As the number of species increases, 
the computational savings increases greatly, with savings of over 90% for the 83 species 
of gasoline and the 200 hypothetical species using N=3. The additional computational 
time required to perform delumping after a CTM solution is negligible, making it a very 
attractive method to solve for information on the discrete species. The computational 
savings for the node approximation is also shown for the 36 species of kerosene in Fig. 
30. For N=3 and 36 species, the node approximation provides a further computational 
savings of over 40%.  
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Fig. 30. Comparison of computation times for CA-DQMoM with delumping and DCM for 
various number of species 
 
 
4.2 Hybrid Droplet Vaporization – Chemical Surrogate Model 
 
For the simulations in this section, the CA-DQMoM with node approximation and 
delumping model for droplet vaporization was paired with the new surrogate FGM 
method in order to calculate the time dependent combustion properties as the droplet 
vaporized. The results of the hybrid model demonstrate its effectiveness as a method for 
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evaluating the effects of preferential vaporization on combustion behavior, a current 
unsolved problem in combustion simulations [31,32]. Additionally, because the hybrid 
method uses a continuous thermodynamics droplet vaporization model instead of a 
physical surrogate, the computational efficiency of the physical portion of the model is 
not limited by the number of components required to accurately model physical 
properties of the fuel. For the results presented here, the combined CA-DQMoM and 
FGM methods will be referred to as the “hybrid” method. This hybrid method was 
validated against the “exact” method which modeled droplet vaporization using the full 
DCM and computed the gas-phase combustion properties from the full discrete fuel.  
The test conditions for the vaporization models were a 50 μm droplet of kerosene 
(n = 36 species) at 300 K exposed to gas at 500 K and 5 bar [10]. The far-field gas 
composition was assumed to be 100% air throughout the simulation. The initial mole 
fractions and normal boiling temperatures can be found in Fig. 3. For all CA-DQMoM 
node approximation results shown below, N = 3 nodes were used. 
The accuracy of the CA-DQMoM vaporization model has been previously 
verified. Figures 31a and 31b show the evolution of physical fuel properties with time for 
the mean boiling temperature and liquid density of the droplet, respectively, calculated 
using CA-DQMoM with delumping and the full DCM. The accuracy with which CA-
DQMoM with delumping calculates the physical properties of the fuel throughout the 
vaporization process demonstrates the advantages of using this computationally efficient 
moment method for the physical half of the hybrid surrogate. Surrogates which are 
designed to match only chemical combustion properties are often unable to emulate the 
density of the real fuel because cycloalkanes are omitted from the surrogate composition 
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[28], further emphasizing the advantage of using hybrid models to accurately model 
physical properties 
 
  
 
Fig. 31. Evolution of (a) mean boiling temperature and (b) liquid density of the droplet 
during the vaporization process calculated using CA-DQMoM with node approximation 
and delumping compared to the full DCM. 
 
 
The hybrid method utilized FGM on the output of the CA-DQMoM with 
delumping model to successfully formulate a time-dependent chemical surrogate 
composition that matched the functional group distribution of the full fuel throughout the 
droplet vaporization process. Figure 32 shows the surrogate composition over time 
calculated using the hybrid method. At the final time, the mole fraction of the light alkane 
(n-heptane) has gone to zero invoking the conditions of Eq. (165) since the MW can no 
longer be matched exactly. Figure 33 shows the instantaneous mole fraction evolution for 
each functional group over time. The agreement of functional group distribution is 
excellent between the chemical surrogate (hybrid) and the full fuel (exact) throughout the 
droplet vaporization process. These functional groups were determined to have the most 
significant impact on combustion properties [28] and combustion behavior has been 
correlated to matching of chemical functional groups [4]. 
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Fig. 32. Composition of the surrogate entering the gas phase over time. 
 
 
 
 
Fig. 33. Functional group composition of the gas phase source term over time calculated 
using the hybrid and exact methods. 
 
 
The hybrid method also demonstrated excellent agreement with the exact method 
for calculation of transient, vaporization-dependent combustion properties. Figure 34 
depicts the instantaneous combustion properties of the fuel as it enters the gas phase 
calculated using the hybrid and exact methods. The horizontal lines in Fig. 34 show the 
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properties of the pre-vaporized kerosene fuel for reference (it should be noted that the 
exact and hybrid graph lines do not approach the pre-vaporized line since the combustion 
properties are calculated on an instantaneous basis for the fuel entering the gas phase 
during the time step). As expected, matching of the functional group distribution (Fig. 33) 
led to accurate matching of combustion properties (Fig. 34), despite the added complexity 
of vaporization-dependence. The results presented here are consistent with previous 
studies which have observed large variations in combustion properties due to preferential 
vaporization and distillation effects [28,31].  
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Fig. 34. Vaporization dependent combustion properties of the instantaneous gas phase 
source term over time calculated using the hybrid and exact methods. 
 
 
The TSI for the instantaneous chemical surrogate composition, calculated using 
the hybrid method, is shown in Fig. 35. As previously mentioned, TSI cannot be fully 
verified by the exact method due to lack of pure component data for cycloalkanes. 
However, there is promise in the ability of the hybrid method to predict sooting 
characteristics since the TSI values for the kerosene chemical surrogate in Fig. 35 
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demonstrates consistency with typical TSI ranges of 15-26 for kerosene fuels [19]. The 
TSI drops below the typical ranges for kerosene at the later times, by which most 
aromatics have vaporized (see Fig. 32), demonstrating a potential effect of vaporization 
on sooting tendency. 
 
 
 
Fig. 35. Vaporization dependent TSI of the instantaneous gas phase source term over 
time calculated using the hybrid method. 
 
 
The overall accuracy of the hybrid method to emulate the combustion properties 
of the full fuel is excellent. As shown in Fig. 36, the relative error between the hybrid and 
exact methods remained below 5% for all CPTs. The minimal error demonstrates the 
robustness of the hybrid method to represent time-dependent combustion behavior due to 
vaporization effects. 
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Fig. 36. Relative error for the vaporization dependent combustion properties calculated 
using the hybrid method compared to the exact method. 
 
 
As previously demonstrated in Section 4.1.6, CA-DQMoM is a very 
computationally efficient method for solving multicomponent droplet vaporization 
relative to DCMs. Calculation of the chemical surrogate composition using FGM requires 
a negligible computation time since the method only requires the solution of four 
algebraic equations. Therefore, the overall hybrid method is very computationally 
attractive.  
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5. CONCLUSION 
 
 
A Coupled Algebraic-Direct Quadrature Method of Moments (CA-DQMoM) with 
delumping approach has been developed and applied to a vaporizing multicomponent 
droplet with finite liquid diffusivity. The model differs from previous QMoM and 
DQMoM approaches [9–12] by employing two liquid distribution functions in order to 
account for liquid diffusion within the droplet represented by parabolic liquid mole 
fraction profiles. The CA-DQMoM model generates a system of DAEs comprised of 2N 
ODEs and 2N algebraic equations to solve for two sets of CA-DQMoM weights and 
nodes. After the CA-DQMoM solution, an inexpensive delumping technique [12] was 
adapted for the finite diffusivity model in order to reconstruct the discrete species 
information. A supplemental node approximation model was also presented which 
simplified the CA-DQMoM model for increased computational efficiency and was shown 
to be appropriate for far-field boundary conditions of pure air or a percentage of 
stoichiometric gaseous fuel. The method was further extended to test cases for non-ideal 
mixtures using the Peng-Robinson EoS. In addition to the computational method, 
property correlations were developed which correlated the liquid and gas phase properties 
to temperature and the distribution variable (normal boiling temperature) for use in the 
CA-DQMoM model. 
The CA-DQMoM model was validated by comparing the delumped results with 
those of a finite diffusivity DCM. The accuracy of the method was shown to be excellent 
utilizing N=3 nodes for any number of discrete species between 36 and 200, with 
increased accuracy using N=4 nodes. The computationally difficult case studied by 
Laurent et al. for a kerosene droplet vaporizing in 30% isohexane gas [10] was solved 
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using CA-DQMoM with delumping, showing the robustness of the solution technique. 
The most important feature of the model was the minimal computation time required to 
obtain accurate information on all discrete species. The computational savings for 
droplets between 36 and 200 species was significant using CA-DQMoM (N=3) with 
delumping compared to traditional DCM, with a computational savings of over 90% for 
200 species. 
Next, a computationally efficient, droplet vaporization-chemical surrogate hybrid 
approach was developed for application in combustion CFD simulations to account for 
vaporization dependent combustion behavior. The physical portion of the hybrid 
approach used CA-DQMoM with node approximation to solve for the evolution of a 
vaporizing multicomponent liquid fuel droplet. The delumping method was applied to 
reconstruct the information on all discrete fuel species, including the species molar flow 
rates into the gas phase. The output of the physical vaporization model was linked to the 
chemical surrogate through a novel functional group matching (FGM) method. The 
approach calculates the instantaneous molar flow rate of each surrogate species by 
matching the molecular weight and the distribution of key combustion functional groups 
(CH2, (CH2)n, CH3 and Benzyl-type) within the surrogate to that of the full fuel.  
 The hybrid approach was validated by comparing the time-dependent combustion 
property targets (MW, H/C ratio, and DCN) and the functional group distribution of the 
surrogate to those calculated using an exact method. The exact method employed a DCM 
for droplet vaporization and calculated combustion properties based on all discrete fuel 
species. The hybrid approach showed excelled agreement with the exact method and 
relative error for all combustion property targets was below 5% throughout the droplet 
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vaporization process. The computation time for FGM was negligible, making it an 
attractive method for vaporization-dependent surrogate formulation.  
The methods developed in this thesis successfully address two open problems in 
the spray combustion community. First, the CA-DQMoM with delumping approach 
developed in this paper successfully extended continuous thermodynamics theory to 
droplets with finite liquid diffusion. The accuracy and computational efficiency achieved 
by this model, despite the added complexity of finite liquid diffusion and non-ideal 
vapor-liquid equilibrium, makes it well suited for implementation in combustion CFD 
simulations. Second, the FGM method, which required a negligible computation time, 
successfully linked the droplet vaporization model to an instantaneous chemical surrogate 
composition by accounting for the complex chemistry of multicomponent hydrocarbon 
fuels. The overall hybrid droplet vaporization – chemical surrogate method is an 
important step towards understanding the effects of preferential vaporization on 
combustion behavior.  
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APPENDIX - NOMENCLATURE 
 
 
𝐴 group of variables; 𝑡 time coordinate 
 surface area; 𝑢 integrating factor 
 Peng-Robinson constant 𝑉 volume 
𝑎 Peng-Robinson constant 𝑣 atomic diffusion volume 
𝐵 Peng-Robinson constant 𝑤 CA-DQMoM weight 
𝐵𝑀 Spalding mass transfer number 𝑥 mole fraction 
𝐵𝑇 Spalding heat transfer number ?̅? volume averaged mole fraction 
𝑏 Peng-Robinson constant 𝛿 delta function 
𝐶 molar concentration; 𝜔 Acentric factor 
 group of variables   
𝑐𝑝 specific heat capacity  Superscripts 
𝐷 diffusion coefficient ∗ modified 
𝐸 group of variables 𝑖 discrete species index 
𝑓 function 𝑗 CA-DQMoM node index 
𝐺 group of variables; 𝑘 moment order index 
 functional group molar fraction 𝑆 surrogate 
𝐼 distribution variable 𝑡𝑜𝑡 total (for all species) 
𝑘 thermal conductivity   
𝑙𝑣 latent heat of vaporization  Subscripts 
𝑚 moment 𝑐 evaluated at the droplet center; 
𝑁 number of CA-DQMoM nodes;   critical point property 
 molar flux 𝑔 gas 
𝑁𝑢 Nusselt number 𝐹 full discrete fuel 
𝑛 number of discrete species 𝑖 discrete species index 
?̇? molar flow rate 𝑗 CA-DQMoM node index 
𝑃 pressure 𝑘 moment order index; 
𝑟 radial coordinate  functional group index 
𝑅 radius of droplet 𝑙 liquid 
𝑅𝑓 radius of gas film 𝑛𝑏 normal boiling 
?̅? Universal Gas Constant 𝑝 phase 
𝑆 source term 𝑟 reduced 
𝑆̅ moment transformed source term 𝑠 evaluated at droplet surface 
 species equation 𝑠𝑎𝑡 saturation 
𝑆ℎ Sherwood number 𝑡𝑜𝑡 total for all fuel species 
𝑇 temperature 𝑣 vapor 
?̅? volume averaged temperature ∞ at far-field boundary 
 
